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UNIT 1

PARTIAL DIFFERENTIATION (14 MARKS)

Topic Content:
1.1 Introduction to Derivative
1.2 Partial derivative (Two variables): Introduction,
Partial derivative of first order, second order and mixed order
1.3 Homogeneous Function
1.4 Euler’s theorem on homogeneous function (Two variables)
1.5 Maxima and minima of function (Two variables)

1.6 Lagrange’s method of undetermined multipliers with one constraint (Two variables)

Course Outcome: After completion of this course, students will be able to

CO1: Use partial differentiation concept to obtain optimal solution.

+* Definition:
Let us consider a function z of the two variables x, y.

i.e.z=f(xy)......1)

Then the partial derivative of z w. r. to x is denoted as Z—i

0z _ a_f _ _

ox ox  x T fx

. L . . d
The partial derivative of z w. r. to y can be defined similarly & denoted as 5

0z _ of _ _
ay_ay_zy_fy

The partial derivatives of higher orders of the function (1) can also be calculated by successive partial

differentiation, thus, we have

02z 9*f 9 (af)_ ~
dx?  9x2  0x \ox = Zox = fax

Pi_P_ (M), g
6y2_6y2_6y dy - fyy T Jyy
0%z 02 a (0

oz _ 9°F =—(—f) = Zyy =fxy
dyodx dyodx dy \ox
622_62f_i(6_f)_z _f
6x6y_6xay_ax dy T oyx T Jyx
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> Rules of Differentiation:

Here u & v are functions of x.

a a a
1. P (u+v) = p (w) + F (v) [Sum Rule]
9 -9 _9 ;
2. — (u—v) = o (w) o v) [Difference Rule]
3. aa_x (kxuw) =k :—x (w) [Constant Multiple Rule]

) ) a
4. - (u*xv) = U— W) +v = (w)  [Product Rule]

9 fu vi(u)—ui(v)
- (_) —Jox " ox [Quotient Rule]

v v2

DERIVATIVE

Some Important Formulae.
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0 1
alog[f(x,y)] Fy) % [f( V)]

d
asm[f(x )] = cosl[f (x, )’) [f( Y]

2 tan1[f e )] = m L1yl
p 2 [JFGy] - . f( [f( )]

Mr. S. S. Desai

Examples:

1. Find the first & second partial derivative of z. z = x3 + y3 — 3axy [S-23 4M]
Sol: Given z = x3 + y3 — 3axy

Differentiate partially w. r. to x [keeping y constant]

—(z) = [x +y* — 3axy]

0z 9 a . 0 .

it (x)+ EP (y2) — EP (Baxy) [Sum &Difference rule]
0z ) d

.'.az?)x +0—3ay {a[kx] =k! k= Bay}
az

Differentiate partially w. r. to y [keeping x constant]

5]
R (Z) =% [x3 +y3 — 3axy]

. aZ — 3 3y _ 0 i
Yoy 6_( )+ —(y ) — @(Baxy) [Sum &Difference rule]
7 043y o3 9 [y = =
"5 = 0+ 3% —3ax {ay[ky] —k k_3ax}
29z 3y? — 3ax|.........2)

oy
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Differentiate 1) partially w. r. to x [keeping y constant]

d [0z d
a(—) = —[3x% — 3ay]

0x X
- 0%z
o ﬁ =32x—-0
. 9%z
R m = 6x

Differentiate 1) partially w. r. to y [keeping x constant]

- 9 (az) i[3x2 — 3ay]

“oy\ax) " ay
A 03
dyox 4

) 9%z _ 3

"6y6x_ a

Differentiate 2) partially w. r. to x [keeping y constant]

. g (82) = i[3312 — 3ax]

" ox @ dx
0%z _o_3
dxdy @

. 9%z _ 3

T oxdy a

Differentiate 2) partially w. r. to y [keeping x constant]

- 9 (62) = i[3y2 — 3ax]

“ay\ay) ~ay
NP
..ayz— y
.622_ 6
..ayz— y

_ 2 y) 40z o 0z
2. Ifz=1log(x*+ y*) then find P & 3y
Sol: Given z=log(x? +y?)

Differentiate z partially w. r. to x

d 0
a(z) = [log(x* + y?)]

2z 1 a,, a 1 9
-'-a=ma(x +y%) {aIOQ[f(x,y)] =f(x‘y)a[f(x,y)]}
0z 1

) dz 2x

Tox xXZ+y?
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Differentiate z partially w. r. toy

d d
“ 3 (2) = 3 [log(x* + y?)]

0z 1 0
. _ y) y)
"oy x2+y26y(x +y)
'62 1

..@:m

0z 2y
Ty xz+y?

[0+ 2y]

3. Ifz=5x*+2x%y% — 3y find 5 [5-242M]
Sol: Consider,
z = 5x* 4+ 2x3y% — 3y

Differentiate partially w. r. to x.

d d
a(z) = [5x* + 2x3y2 — 3y]

0z d d a
L2 el 4 27 437 _ 24—
o = S 4 2y =[] = 3y o [1]

Using Formulae,

d d
— (M) — n—-1 — —
dx ™) =n.x""4, I (k) =0,k = constant

0z
oe = 5.4x3 + 2y2.3x% — 3y.0

0z
Wo— =20 3+622
ox P xX“y

— etsin 0 find 2% [s-
4. Ifz=e "'sin 0 find 3100 [S-24 2M]
Sol: Given,
z=-¢etsind

Diff. partiallyw.r.to 8

-2 =Lietsinol
602_606 Sin

0z 0
. _ -t ;
“5=¢ 38 [sin 6]
) 0z R 0
=g = €hcos

Again diff. partiallyw.r. to t

_a[az]_a[_t 0]

“ocloal "ot O®
0%z

. _ Y-t

“ 308 = 80517

8087348936
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2 2
{55 Loalf )] = =~ [fx ]

1
ay - f(x,y)ady
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Using formula.;—x(e“x) =ae™,a=-1
) 0%z
" 0ta
0%z _
tde

=cosf.—et

—e~tcos@

5 If f(x,y) = 3x + 4xy find % [W-23 2M]
Sol: Given, f(x,y) = 3x + 4xy

Diff. partially w. r. to x.

0 _634
S [F )] = o= [3x + 4xy]

of @ )
“ox = gyl + Ay gl
of

W—=314+4y.1

F 3.1+ 4y

of

a—3+4y

2
6. If f(x,y) = x*y + sinx + cos y find :x—afy [wW-23 2M]
Sol: Given, f(x,y) = x%?y + sinx + cos y
Diff. partially w. r. toy.
e 2[5, )] = = [x2y + sin x + o5 3]
“ 3y x,y)] = 5 x°y +sinx + cosy

of L, 0 9 9

“Oy x @[y] +@[sm x| +@[cosy]
.'.—f=x2.1 + 0+ (—siny)
dy
L9f _ 5 ;
"y x“ —siny
Again differentiating partially w. r. to x.
Jd [0f J .,
o E] = a[x —siny]
0% f J ., Ja
" 9xdy " ox *’] _$[sm”]
0% f
= 2x —
dxdy x =0
*f
=2
dxady *
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af af af

7. ff(x,y)=x3+y3+6xy find -~ ~[W-23 4M]

Sol: Given, f(x,y) = x3 +y% + 6xy ... ... 1)

Diff. partially w. r. to x.

0
[f( V)] = [x +y3 + 6xy]

_af . a , G
sl a[ ]+a[3’]+6y§[x]

of
Wn=—==3x24+0+6y.1
0x x Y

of
W—=3x2+6y|...... 2
o x“ + 6y )

Diff. partiaIIy w.r.toy.

S [f( W] =

.af_ 0 a 9
--@-@[ ]+@[y3]+6x@[y]

af
w=—=0+3y%+6x.1
3y +3y° + 6x

6f_3 +6 3
3y y? b o P )

[x + y3 + 6xy]

Diff. partially 2) w.r. toy.
. [af d
6y 0x 6y
Lo _ o
dydx dy
L9
dyodx

[3x2 + 6y]

0
[3x%] + 6@[}/]

=0+6.1

VO
T aydx

8. If f(x, y)—xsmy+ysmx+xyfmd [S 23 2M]

Sol: Given, f(x,y) = xsiny + y sinx + xy

Diff. partially w. r. to x.

[f( W] = g [xsmy+ysmx+xy]

af ) ) )

v smya[x] +ya[smx] +ya[x]

£=siny.1+y.cosx+y.1

ax
A siny+ +
9~ Siny ty.cosx +y

MATHEMATICS FOR MACHINE LEARNING
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i 4 300 O°f
9. If f(x,y) =x*siny+ y* cos x + x° find w0y [S-23 2M]

Sol: Given, f(x,y) = x*siny + y* cos x + x3

Diff. partially w. r. toy.

d a
. _ 4o 4 3
- ay[f(x’y)] ay[x siny + y* cos x + x3]

of .9 o .0
“Oy x E[smy] + cosx@[y ] +@[x ]
d
% =x* cosy +cosx.4y3+0
0
ay - x*cosy+4cosxy?
Again differentiating partially w. r. to x.
0 [of a .,
] = — 4 3
I ay] ax[x cosy+4cosxy?]
9%f a ., 9]
A = — 4 3__
9x3y cosyax [x*]+ 4y 7% [cos x]
62
axafy = cos y.4x3 + 4 y3(—sinx)
02
axafy = 4x3cosy — 4y3sinx
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UNIT 1

PARTIAL DIFFERENTIATION (14 MARKS)
Topic Content:
1.1 Introduction to Derivative
1.2 Partial derivative (Two variables): Introduction,
Partial derivative of first order, second order and mixed order
1.3 Homogeneous Function
1.4 Euler’s theorem on homogeneous function (Two variables)

1.5 Maxima and minima of function (Two variables)

1.6 Lagrange’s method of undetermined multipliers with one constraint (Two variables)

Course Outcome: After completion of this course, students will be able to

CO1: Use partial differentiation concept to obtain optimal solution.

EXTREMUM VALUES (MAXIMA & MINIMA):
Consider the given function as f(x,y) = 0

. Di : ind &L Of 9 9 9
STEP I: Differentiate f(x, y) to find 9%’ 3y ' 9x2 ' 9xdy ' 952

STEP II: Consider % =0& % = 0. Solve these equations to find values of x & y.

Let (a, b) be the values of (x,y)

Fi U0 P ) PR .
STEP llI: Find the values of r = —— , s = axay ' £ = 5,2 At point (a,b)

STEP IV: If 't — s > 0 then function will have extremum value.
a) r <0,then f(x,y) has a maximum value at (a, b).
b) r > 0, then f(x,y) has a minimum value at (a, b).
STEP V: If rt — s? < 0, then f (x, y) has no extremum value at the point (a, b).
STEP VI: If rt — s* = 0, then then the case is doubtful and needs further investigation.

NOTE: The point (a, b) which are the roots of% =0& % = 0 are called stationary points.

EXAMPLES:
1. Examine f(x,y) = x3 — y? — 3x for maximum and minimum values.
Sol: Consider, f(x,y) = x3 —y? —3x ... ... 1)
STEP I:
of _ 0 5_ 2 2 2
ax_ax(x y°—=3x)=3x*—-0—-3=3x*-3
of o, .,
—=—(3-y2—3x)=0—-2y—0=-2
3y = 3y (x* —y* = 3x) y y
o*f a (of 0
=—=—=)]==—0Bx?*-3)=32x-0=6x......2
TTox? ox (ax) (')x( X ) X x )
’f 9 (Of 0
s 0xdy Ox <6y) (’)x( Y) )
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_ 92f 0

t = = —
oy? dy
STEP Il: Consider,

o _

ax_o

~3x2-3=0

oo 3x2 = 3

o3
..x_3

8087348936
0

=3, =2 d)

The required points are (1,0) & (—1,0).

STEP 1lI:

MATHEMATICS FOR MACHINE LEARNING

Stationary Points.

(1,0)

O°f _

r=ax2—6x

r=6(1)=6

62
s= f=0
d0xdy

_%f

t
dy?

rt —s? rt—s?=(6)(-2)—-(0)2=-12<0

rt—s?=(-6)(-2)—-(0)2=12>0

STEP IV:

rt—s?= (6)(-2)—(0)2=-12-0=-12<0

The given function will have no Extremum values at (1,0).
rt—s2= (-6)(-2)—(0)=12-0=12>0

The given function will have Extremum values at (—1,0).
Now,r=-6<0

The function f (x, y) will have maximum value at point (—1,0)
Putx = —1,y = 0 in equation 1)

“ fmax = (=1)° = (0)* - 3(-1)

S fmax=—1—0+3

Discuss the maxima & minima of the function x? + y? + 6x + 12
Sol: Consider, f(x,y) =x? +y? + 6x+ 12 ...... ... 1)
STEP I:

of 0
—=—(x%?+y?+6x+12)=2x+0+6+0=2x+6
Ox 0Ox

g=i(x2+ Z+6x+12)=0+2y+0+0=2

dy _ dy y y y
9%f a (of 0
—=—|=—=]==—02x+6)=2+0=2

dx? 6x<6x) E)x( *+6) *

92 d (0 0

dxdy 0x\dy dx

92 a (0 0

dy? 0y \dy

oy -
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STEP Il: Consider,

] ]
—f=0 & —f=0
ox ay
~2x+6=0 A

-6
A — 7
y=0
The required point is (—3,0).
STEP lll:
Putx =—-3,y=0in

0% f
r= 6_9;2 =2,

o°f
5= dxdy =9,

92

- a_yf; =2
STEP IV:
rt—s?= (2)2)—-(0)?=4-0=4>0
The given function will have Extremum values.
Now,r=2>0
The function f(x, y) will have minimum value at point (—3,0)

0]
0
~2x = —6 y=§
0]

t

Putx = —3,y = 0 in equation 1)
* fmin = (=3)? + (0)* + 6(=3) + 12
S fmin=9+0—-18+12

3. Find the local maxima & minima of function f (x,y) = 2x? + 2xy + 2y* — 6x {w-23 4M}
Sol: Given f (x,y) = 2x2 4+ 2xy + 2y? — 6x ...... 1)

STEPI:
of @
3= g (BX7 F2xy +2y7 —6x) =220 +2y.1+0-6=4x+2y 6
of _ 0 2 2
3y = 3y @XF T2y 27— 60) = 04 201422y — 0= 2 + 4y
r_az_f_i(ﬂ)_imﬁz —6)=4+0-0=4.....2)

S N A J y—6) = =4....
L0 :i<ﬂ)=i(2x+4y):2+0=2........3)

dxdy 0x\dy/ Ox

0%f 8 (f\ 0
=a_yzza<$>=@(2x+4y)=0+4=4.......4)
STEP Il: Consider,
af of
oz =" * ay ="
~A4x+2y—6=0 2x+4y =0
~2x+y—3=0 x+2y=0




MR. SUDHIR S DESAI

8087348936
Putx = —2yineq"5)
~2(=2y)+y=3
~—4y+y=3->-3y=3
3
fY=37
Puty = —1ineq"6)
sx=-2(-1) -
The required point is (2,1).
STEP Ill:
Stationary Points. 2,-1)
0% f
=——=4 r=4
"7 o2
62
s = / =2 s=2
dxdy
62
= —f =4 t=4
dy?
rt — s rt—s?=4)4)-(2)*=12>0
STEP IV:

rt—s?=12>0

The given function will have Extremum values at (2, —1).
Now,r=4>0

The function f(x, y) will have minimum value at point 2, —1)
Putx = 2,y = 1 in equation 1)

i fnin = 2(2)% + 2(2)(=1) + 2(-1)% - 6(2)

S fmin =8—4+2—-12

Examine f (x,y) = x3 + y3 — 3axy for maxima and minima where a > 0.
Sol: Given that f (x,y) = x3 + y® — 3axy .......1)

STEP I:

d d

%:a(ﬁ +y3® —3axy) = 3x?> + 0 — 3ay.1 = 3x? — 3ay
of _ 0 2 2
@=@(x3+y3—3axy)=0+3y —3ax.1=3y%? —3ax
92f 9 (0f\ @

ﬁ:§<5) = - (3% —3ay) = 3.2 — 0 = 6x

92 f @ (of\ 9

e &(@) = ——(3y? ~3ax) = 0 - 3a.1= —3a

9%f  a (9f\ @

0_3/2:$<$) :@(By2 —3ax) =32y — 0 =6y

STEP II: Consider,

of of

/=0 & —=0

ox dy
~3x%2=3ay=0 & 3y2—-3ax =0
~ 3x% = 3ay & 3y? = 3ax

MATHEMATICS FOR MACHINE LEARNING
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- 3x2 3 2 . 3ax
“3a 7 Y =3
X2
== 2) & y? =ax.....3)

Putting the value of y from (2) in (3), we get.

2
x? xt 4 3 4 3
=) max= s=ax=>x"=a’x=>x"—a x=0
a a

cx(x3—-a®)=0
cx=0,x3-a®=0
~x=0x3=ad

[~x=0,x=a]

@

Puttingx = 0in(2),wegety = 0,

2
Puttingx = ain (2),wegety = C;_) = q,

The required points are (0,0), (a, a)
STEP lll:
Stationary Points. (0,0) (a,a)

2
0°f = 6x r=600) =0 r = 6(a) = 6a
~ ox?

9%f
axay
o*f
=a—:y2

= —3a s = —3a s=—-3a

= 6y t=6(0)=0 t=6(a) =6a

rt —s? = (6a)(6a) — (—3a)?
rt — s? rt —s?=(0)(0) — (—=3a)? = —9a* < 0 = 36a? — 9a?
=27a*>>0

STEP IV:

At (0,0) there is no extremum value, since rt — s < 0

At (a,a), there is extremum value, 7t —s?> > 0 &r > 0

The function f (x,y) will have minimum value at point (a, a).
Put x = a,y = ain equation 1)

o f 6 Y)min = (@) + (a)® - 3a(a)(a) = 2a° - 3a°

[+ f @Y min = =6

5. Discuss the maxima & minima for the function x? + y% + (30 — x — y)?

Sol: Consider, f(x,y) =x2+y?+ (30 —x —y)? .......1)

STEPI:

af o

a=a(x2+y2+(30—x—y)2)=2x+0+2(30—x—y)(0—1—0)=2x—60+2x+2y
=4x + 2y —60

of @

ay 3y —(x2+y2+B0—x—y))=0+2y+2B0—x—y)(0—0—1) =2y — 60 + 2x + 2y
=2x+4y—60

a_xé ( ) —(4x+2y 60)=4+0—0=4

2
9%f ofy 9 ~ ~
s a((,)_)_ax(zxwy 60)=2+0—0=2 -
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9%f a (of d
a—yz=@<@)=a(2x+4y—60)=0+4—0=4
STEP Il: Consider,
o _o & of _
dx ay
S4x+2y—60=0 & 2x+4y—-60=0
~4x + 2y =60 & 2x + 4y =60
Divide by 2.
2x+y=30=>y=30—-2x......... 2) & x+2y=30...... 3)

Put y = 30 — 2x in equation 3)
~x+2(30—-2x) =30
~x+60—4x =30
& —=3x=30—-60=-30

-30

px=—r

Put x = 10 in equation 2)

£y =30-2(10) =30~ 20 = [;=T0]

The required point is (10,10)

STEP Ill:
Stationary Points. (10,10)
0%f _
r = ﬁ =4 r=4>0
aZ
s = f =2 s=2
d0xdy
62
= —f =4 t=4
dy?
rt — 52 rt—s?2=4)4)-2)?*=16—-4=12>0
STEP IV:

At (10,10), there is extremum value, 7t — s2 > 0 &r > 0
The function f (x,y) will have minimum value at point (a, a).
Put x = 10,y = 10 in equation 1)

“ f (6 Y)min = (10)% + (10)* + (30 — 10 — 10)?

 f (%,9)min = 100 + 100 + 100

|+ £ (%, %) min = 300

6. A rectangular box, open at the top, is to have a volume of 32 c.c. Find the dimensions of the box
requiring least material for its construction.
Sol: Let x, y, z be the length, breadth and height of the box. Given volume of the box is 32 cc.
=>xyz = 32......1), x,y,z>0
We want to minimize the amount of material for its construction.
i.e., surface area of the box is to be minimized.

SurfaceareaS = xy + 2xz + 2yz......2) [top is open]

32
From 1) xyz = 32 :Z—E

Putz = 2in equation 2)
xy

.5 = +2(32)+z(32)
TG Ty
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64
S =xy+—+ —
STEP I:
as a — 64
a=$<xy+7+—>=y.1+0+64.ﬁ 3z
as 0 64 64 -1 64
@=@<xy 7 + 7>=x.1+64.7=x—ﬁ
92S 9 (3S\ 0 64 -2 128 a1\ -2
7= mxlo) "l w0 m = b axle) ==
92s d (0S 0 64
axayzﬂ(@) :a(x_ﬁ): 1-0=1
d2S 9 (9S\ 0 64 -2 128
37 (o) "y () 2005 =5
STEP Il: Consider,
s as
ax " & ay
64 64
vk 0 & X — 72 =
64 64
=g 2) & x:F"' ..3)
Puty = % in equation 3)
64 64 x* 4
=?:>x=W:>x=6—4=>64=—
&) =
= 64 =x3
Taking cube root on both sides.
Put x = 4 in equation 2)
] 64 64
YEE T 16
The required point is (4,4).
STEP lll:
Stationary Points. (4,4)
d%S 128 128
r= F% = =7 r= VER =2>0
s = 0% =1 s=1
dxdy
0%S 128 128
T t=75 =
rt —s? rt—s2=02)2)—-(1)?=4-1=3>0
STEP IV:

At (4,4), there is extremum value, 7t — s2 > 0andr > 0
The function S(x, y) will have minimum value at point (4,4)
Putx = 4,y = 4 in equation 1)

32

FM@)z=322162=32>z="-=2
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= Dimensions of the box are[x = 4cms,y = 4cmsandz = 2 cms.|

» Homework:
1. Examine f(x,y) = x3 + y3 — 12x — 3y + 20 for its extreme value.
Ans: maximum value at (=2, —1) is 38.
2. Find the absolute maximum and minimum values of
fxx,y)=2 + 2x + 2y —x* — y?
Ans: Maximum value at (1,1) is 4




MR. SUDHIR S DESAI 8087348936 MATHEMATICS FOR MACHINE LEARNING

@,
0’0

UNIT 1

PARTIAL DIFFERENTIATION (14 MARKS)

Topic Content:

1.1 Introduction to Derivative

1.2 Partial derivative (Two variables): Introduction,

Partial derivative of first order, second order and mixed order
1.3 Homogeneous Function

1.4 Euler’s theorem on homogeneous function (Two variables)
1.5 Maxima and minima of function (Two variables)

1.6 Lagrange’s method of undetermined multipliers with one constraint (Two variables)

Course Outcome: After completion of this course, students will be able to

CO1: Use partial differentiation concept to obtain optimal solution.

Lagrange‘s method of undetermined multipliers:

Let f(x, y) be the function whose extreme values are to be found subject to the restriction
¢ (x,y)=0
STEP I: Construct the auxiliary function, F(x,y) = f(x,y) + A ¢f(x,y)

Where A is called Lagrange’s multiplier.

. ,OF OF
STEP ll: Find 2%’ 3y
., _OF dF . . . .
STEP lll: Consider Pl 0, Pl 0 & solve these equations to find value of x, y. (Stationary Points)

STEP IV: Put values of x, y in f(x, y) to find extremum value.

EXAMPLE:
1. Find the extreme value of f(x, y) = xy subject to condition x + y = 10 using Lagrange method of
undetermined multipliers. [S-23 4M]
Sol: Given, f(x,y) =xy e c. ... D) & P(x,y) =x+y—-10=0..........2)
The auxiliary equation is,
Fx,y) = fx,y) + 2. ¢f(x,y)
~F=xy+Ax+y—10]
Diff. F partially w. r. to x.

9 9
a(F) = a{xy + Alx +y —10]}

LOF 1+A[1+0-0]
“ax

oF
c—=y+A




Diff. F partially w.r. toy.
22 ) = L fay + AL+ y - 10])
o ay = ay xy X y

oF
n—=x14+A0+1-0]

dy
‘aF— +A
o ay_x
Now,
6F_
ox
~y+1=0

=—1

Put y = x in equation 2)

“x+x—10=0

.-.2x—10:0—>2x=10—>x=12—0—>
Put x = 5 in equation 3)

Ly=5

The required point is (5,5)

Put (5,5) = x = 5,y = 5in equation 1)

fy) =xy=f=(5)(5)

| fmax = 25|
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Examine f(x,y) = xy subjected to constraint g(x,y) = 4x* + y* = 8 for maximum & minimum

value. [w_23, S-24 4M]

Sol: Given, f(x,y) = XV .. c.. ... D&gx,y)=4x*+y>2—-8=0...

The auxiliary equation is,

Flx,y)= f(x,y) + L. ¢f(x,y)
~F=xy+A[4x? + y? - 8]
Diff. F partially w. r. to x.

d d
§(F) = a{xy + A[4x? + y? — 8]}

LOF 14 A[4.2x+ 0 —0]
--ax—y. LX

2y e
Tox YT

Diff. F partially w.r. toy.
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d d
w—(F)==—{xy+A[4x*+y* -8
E)y( ) 3y {xy + [4x* +y 1}

oF
s—=x.14+ 1[0+ 2y — 0]

dy
i +2y4
Now,
oF JF
= — =0
ox dy
Ly +8x1=0 X+ 2yA=0
Ly =—8xA x = —2yA
y X
Y, — = — S — = —A
8x 2y
A
“8x 2y
~ 2y% = 8x*?
yZ — 4'X2
Y =+2X|. o & |~y=-2x]|.c...... 4)

Put y = 2x in equation 2)
W 4x?4+4x2—-8=0

8
~8x*2=8 - x2=§ -x=1&x=—1|

Put x = 1 in equation 3) & 4)
cy=21)=2&y=-2(1)=-2

The required points are (1,2), (1, —2)
Put x = —1 in equation 3) & 4)
ay=2(-1)=-2&y=-2(-1)=2
The required points are (—1,—2), (—1,2)
Put (1,2) » x = 1,y = 2 in equation 1)

f=M2)=2

Put (1,—2) » x =1,y = —2 in equation 1)
f=@E2) =2

Put (—1,—-2) » x = —1,y = —2in equation 1)
f=(-1(-2) =2

Put (—1,2) » x = —1,y = 2 in equation 1)
f=ED@2)=-2

Function f has maximum value 2 at the points (1,2) & (—1,—-2)

Function f has minimum value 2 at the points (1, —2) & (—1,2) g
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3. Find maximum & minimum value of function f(x,y) = 3x + 4y on circle x*> + y* = 1 using method

of Lagrange’s multiplier.

Sol: Given, f(x,y) = 3x + 4y

The auxiliary equation is,

Fix,y) = f(x,y) + 1. ¢f(x,y)
#F =3x+4y +A[x* +y* - 1]

Diff. F partially w. r. to x.

0 0
. — 2 2
e (F) = ax{3x+4y+/1[x +y 1]}

oF
n—=31+0+A[2x+0—0]

0x

JF
o—=34+2xA
ax

Diff. F partially w.r. toy.

99 242 _
..@(F)—ay{3x+4y+l[x +y2-1]}

oF
a=—=0+41+2[0+2y—0]

dy
'aF—4+2 A
Now,
6F_0
ax
~342xA=0
w3 =-=2xA
. 3_ A
o

Puty = %x in equation 2)

2

2 4+ (4x) 1=0
S X — —_ =
3

2 16x?2 _ 1
9

_ 9x? + 16x2 3

. 5 -

3 4
2y
. 6y = 8x
) 8
ny =X
Y =3 X e
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n 25x2% =
9
A

Taking square root.

wx? =

axXxX==&x=—=

5 5

Putx = %in equation 3)

_ _4x3
"YT3%%

4

The required point is G E)
Putx = —%in equation 3)
_ —4x 3

"YT3% 7y
4

The required point is ( % —i)

4

3 4 3 ; ;
Put (E’E) — x =,y = _inequation 1)

f(x,y)

~/=3)»

=3x+4y

()

3 4 3 4, .
Put (_E’_E) -S> x = _E’y = —Eln equation 1)

f(x,y) =3x + 4y

~r=3(-Y (-

. . . 3 4
Function f has maximum value 5 at the points (E'E)

. . . 3 4
Function f has minimum value —5 at the points (_E' —z

)
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UNIT1
PARTIAL DIFFERENTIATION (14 MARKS)

+» Topic Content:
1.1 Introduction to Derivative
1.2 Partial derivative (Two variables): Introduction,
Partial derivative of first order, second order and mixed order
1.3 Homogeneous Function
1.4 Euler’s theorem on homogeneous function (Two variables)
1.5 Maxima and minima of function (Two variables)

1.6 Lagrange’s method of undetermined multipliers with one constraint (Two variables)

Course Outcome: After completion of this course, students will be able to

CO1: Use partial differentiation concept to obtain optimal solution.

«» Definition:
An expression of the form,

fOoy) = apx™ + ayx™ ty + ax™%y? + agx™3y3 + o tapy™t 1)

In which each term is of degree n, is called as a homogeneous function of degree nin x, y.

From 1), we have therefore,

3

fGy) =x [ao +a; (%) +a, (g)z +a; (%) + -t a, (%)n]

| fy) = x"e (%) ......... 2)

Thus, every homogeneous function of degree n in x, y can be written as 2)

A homogeneous function of degree nin x, y can also be written as|f (x,y) = y™y (i)

R/

« Euler’s Theorem on Homogeneous Functions:

Statement: For a homogeneous function u(x, y) of degree nin (x,y),

du ou

— —=nu
dx yay

> Corollary 1)

%*u 2 3%u
4t _ -1
axdy +y*—=nmn u

. . . 92
If u is a homogeneous function of degree n in x, y then x? a—x'; + 2xy
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» Corollary 2)
If z = f(u) is a homogeneous function of degree n in x, y then x + y ]{,((uu))
Note: This is used when log or Inverse trigon function come in the question.
» Corollary 3)
Ifz=f(uisa homogeneous function of degree ninx,ythen
—+2 y— + y =gw)[g'(u) — 1] Where g(u) = n]{,((l;))

> Examples:

33
1. fu= yy,showthatx—+ya =3u

Sol: Given thatu = %
x3+y
3
Y
L)
Bl x3 33
x3 (x—3 + F)
&)
u=x6-3_%

= x m:xnd)(g)

Here u is homogeneous function of degreen = 3

By Euler’s Theorem.

au Ju
nu
ax Y%y ay
au du _ 3
u
ax ey dy
Hence the proof.
— cin-1(_XtY
2. Ifu =sin <\/}+ y), prove that
ou ou 1 2 62 _ TSinu.cos2u
a) x ax ty ay 2 tanu b) x? + xy axdy s ay? 4cos3u

Sol: Given u = sin™! (%)

Here u is not a homogeneous function. We however write
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x+y

Vx + [y

Put z = sinu = f(u)

sosinu =

x+y

TVE Ay

By

\/_<\/‘/:+‘g>
x(1+%)

() o (1))

o5

. . 1
Here z is a homogeneous function of degree n = 2

S Z =

NZ=X

(a) Then by Euler’s Theorem.
du N du  f(uw
*ox Yoy T

Here f(u) = sinu = f'(u) = cosu

au Ju 1sinu

ax * yay 2 cosu

Using formulae, tanu = sinu
cosu
au du 1 .
= —tanu
6x Yoy dy 2

(b) Then by Euler’s Theorem.

f(w)
fw

22 u+2xyaxay+y —g(u)[ "(u) — 1] Where g(u) = n

Here g(u) = Etanu =g'(u) = %seczu

- ,0%u 0%u ,0%u
X %z + 2xy

1 1
6x6y+y a—yz=§tanu [Esec u—1

. sinu
Usmg formulae, tanu = —,secu =
cosu cosu

262u+2 62u+ 2c'?zu_lsinu 1
X oxz xyaxc')y Y dy?

2 cosu [E cos?u ]

. 0%u o 0%u 2 0%u _ 1sinu[1— 2cos?u
X2 Y dxdy Y dy?

" 2cosu| 2cos?u
We know that, 1 — 2cos?u = —cos2u
. 0%u o 0%u 2 0%u _ 1sinu —cosZu]
"X axe xyax(')y Y dy?  2cosul2cos?u
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5 %u s %u 2 9’u —sinu.cos2u
S XT —= X =
ax? Y dxady Y ay? 4cos3u

Hence the proof.

K] 3
3. Ifu=tan! (xxz ), prove that

2 2
b)xZng;+2xyau

2
2 0“u _ .
oxdy +y 27 2cos3u.sinu

. _q1 (x3+y3
Sol: Givenu = tan™?! (—y)
x-y

Here u is not a homogeneous function. We however write

x3+y3
tanu =
X—=Y
Put
x3+y3
g =
X—=Yy
3

Here z is a homogeneous function of degree n = 2
(a) Then by Euler’s Theorem.
du du fw
xa + ya = nm
Here f(u) = tanu = f'(u) = sec’u
au du tanu
Xox Y5y dy =2 sec?u

. sinu
Using formulae, tanu = —, secu =
cosu cosu

6u ou du _5 sinu 1
Yox "V ay oy eosu 1
cos?u
au 4 Jdu _5
ax y— 3y = 2sinu.cosu
We know that, 2sinA. cosA = sin2A
au du B 5
ax +y— 3y = sin2u

(b) Then by Euler’s Theorem.
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2z u+2xyaxa +y = g(u)[g’'(u) — 1] Where g(u) —nff,((uu))
Here g(u) = sin2u =g (u) = cos2u.2
o x2 62_u + 2xy 0u + y? 62_u = sin2u [2.cos2u — 1]
0x? 0xdy dy?
-~ x? 62_u + 2xy 0u + y? 62_u = 2.sin2u.cos2u — sin2u
0x? 0xdy dy?
We know that, 2sinA. cosA = sin2A ,A = 2u
o x2 62_u + 2xy 0u + y? 62_u = sindu — sin2u
0x? 0xdy dy?

Using formula, sinC — sinD = 2cos (C;D) sin (C ) C=4u,D =2u

. 262u+2 62u+ Zazu_z (4u+2u> ) <4u—2u>_2 <6u> _ <2u)
@ xto—g 2xy y a7 = cos 5 .sin = 2cos sin

dxdy 2 2 2
_ azu "y %u . 62u = eos3
o x? 9z T 25, 0y y? 352 cos3u. sinu

Hence the proof.

= sin~1 (% -1(Y ou Ly _
4, Ifu =sin (y)+tan (x), provethatxax+yay—0

Sol: Given u = sin™! (g) +tan~! (%)

Here u is not a homogeneous function. We however write

— n—1(X — -1(Y
= sin (y) n = tan (x)
ou am  odn Ju om  on
su=m+n.... 1):5_5—1_5 B_y_a_y a_y
— n—1(X — -1(Y
m = sin (y) n = tan (x)
. sinm=7= o tann =2
X
Put z; = sinm = f(m) ~z, = tann = f(n)
x Yy
o leyo.;: S ZZ :x0;=
Here
7, is homogeneous function of degreen = 0 Z, is homogeneous function of degreen = 0
Then by Euler’s Theorem Then by Euler’s Theorem
om om f(m) on on _ _ f(n)
ax Yoy T Mrm) *ox T Vo T My
Here, f(m) = sinm = f'(m) = cosm f(n) = tann = f'(n) = sec’n
am 4 om  sinm an on _ tann
*ox TV 8y dy  cosm *ox ey ay "sec?n
am am _0 2) an on 0 3)
ax +y— ay 0 6x yay

Adding equation 2) & equation 3) -
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aom on
-'-xa+y +xa+y =0+0
_(0m  On dm on
""(&*ﬁ)”(@*@) B
From 1)
au du
ax yay 0

Hence the proof.

5. Ifu= loge( y)showthatx%+yg—;=3

4 4
Sol: Given u = log, (xx:}] )

Here u is not a homogeneous function. We however write
x* + y*

x+y
Putz =e% = f(u)

eu_

x* + y*
x+y

2o ()

Here z is a homogeneous function of degreen = 3

Then by Euler’s theorem.
du du fw
*ox "Vay T " Fw
Here f(u) =e* = f'(u) = e*

au au e%

Hence the proof.

MATHEMATICS FOR MACHINE LEARNING
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» HOMEWORK:

_ ) ou 1
1. Ifu = cos 1(\/;?/;), showthatxa—1;+y£+5cotuzo
-1 | xt+2y+3z ou ou ou _
2. Ifu =sin —x8+y8+28], show that x P +y 3y +z Py + 3tanu =0
x3+y3 du du

3. Ifu=Ilog, (m), show that XE + ya =1
4. Ifu=sec?! (ﬂ) show that x 2 + y 2% = 2cotu, then evaluate x2 %u + 2x o* 2 0u

: - x+y /' ax Y ay ’ ax2 yaxay ay?




