MR. SUDHIR S DESAI 8087348936 MATHEMATICS FOR MACHINE LEARNING

UNIT 2
MATRICES (20 MARKS)

Topic Content: Inverse of a matrix by Gauss-Jordan method; Rank of a matrix; Normal form of a matrix;

Consistency of non- homogeneous and homogeneous system of linear equations; Eigen values and

Eigen vectors; Properties of Eigen values and Eigen vectors (without proofs); Cayley-Hamilton‘s

theorem (without proof) and its applications.

. . ] MR SUDHIR S DESAI
Course Outcome: After completion of this course, students will be able to

CO2: Implement matrix concept to solve real life problems.

+* Rank of Matrix:

The number r is called the rank of matrix 4 if,
1) There exist at-least one minor of order r which is non zero

2) Every minor of order r + 1 of matrix A is zero.

* Note:
1) The rank of matrix A is denoted by p(A)
2) Rank of null matrix is zero.
3) IfA= [aij]mxn then p(4) < min(m,n)

4) p(ln) =n

» Methods of finding rank of matrix.
1) Minor Method.
2) Normal Form Method.
3) Echelon Form Method.

1) Minor (Determinant) Method:

1 2 3
1. FindtherankofthematrixA=1|4 5 6] [S-23] 2m
7 8 9
1 2 3
Sol: GivenA =14 5 6]
7 8 9
1 2 3
5 6 4 6 4 5
14 5 6/=(1) - +(3)
s5 d-of J-of ol ]
1 2 3
~ |4 5 6|=1[45—48]—2[36 —42]+ 3[32 — 35]
7 8 9
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1 2 3
~[4 5 6|=1[-3]-2[-6]+ 3[-3]
7 8 9
1 2 3
.4 5 6/=-34+12-9
7 8 9
1 2 3
4 5 6/=0
7 8 9
~p4) #3
Consider any minor of A of order 2.
4 5| _ 0o oc _
- =32—-35=-3+#0
1 2 3
2. FindtherankofthematrixA=1(2 4 7 |[W-23]2M
3 6 10
1 2 3
Sol: GivenA=|2 4 7
3 6 10
1 2 3
4 7 2 7 2 4
~2 4 71=Q -(2) +(3)
2 4 gl J-of [+of !
1 2 3
~|2 4 7|=1.[40—-42]—-2.[20—-21]+3.[12—-12]
3 6 10
1 2 3
~12 4 7|=1.[-2]-2.[-1]+ 3.[0]
3 6 10
1 2 3
12 4 7|=-24+24+0=0
3 6 10
~p(4) #3
Consider any minor of A of order 2.
4 T\ _ 40 _
; 10|_40 42=-2%0
.‘.p(A):Z
Homework:
2 4 1
1. Find the rank of the matrixA=|3 6 2
4 8 3
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UNIT 2
MATRICES (20 MARKS)

Topic Content: Inverse of a matrix by Gauss-Jordan method; Rank of a matrix (Echelon Form); Normal form of a

matrix; Consistency of non- homogeneous and homogeneous system of linear equations; Eigen

values and Eigen vectors; Properties of Eigen values and Eigen vectors (without proofs); Cayley-

Hamilton‘s theorem (without proof) and its applications.
MR SUDHIR S DESAI

Course Outcome: After completion of this course, students will be able to

K/
L4

X/
A X4

CO2: Implement matrix concept to solve real life problems.

Echelon Form:
Using the row elementary operations, we can transform a given non-zero matrix to a simplified form called
a Row-echelon form. In a row-echelon form, we may have rows all of whose entries are zero. Such rows are

called zero rows. A non-zero row is one in which at least one of the entries is not zero. For instance, in the

6 0 -1
matrix, |0 0 1
0 0 O

R1 and R, are non-zero rows and Rs is a zero row.

Step 1

Inspect the first row. If the first row is a zero row, then the row is interchanged with a non-zero row below the
first row. If a11 is not equal to 0, then go to step 2. Otherwise, interchange the first row R with any other row
below the first row which has a non-zero element in the first column; if no row below the first row has non-
zero entry in the first column, then consider ai, . If a1 is not equal to 0, then go to step 2. Otherwise,
interchange the first row R; with any other row below the first row which has a non-zero element in the second
column; if no row below the first row has non-zero entry in the second column, then consider a13. Proceed in
the same way till we get a non-zero entry in the first row. This is called pivoting and the first non-zero element
in the first row is called the pivot of the first row.

Step 2

Use the first row and elementary row operations to transform all elements under the pivot to become zeroes.
Step 3

Consider the next row as first row and perform steps 1 and 2 with the rows below this row only.

Repeat the step until all rows are exhausted.

Rank of Matrix:

The rank of a matrix in row echelon form is the number of non-zero rows in it.
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0.
0'0

The elementary row operations include:

8087348936

Swapping two rows.
Multiplying a row by a non-zero scalar.

MATHEMATICS FOR MACHINE LEARNING

Adding or subtracting the multiple of one row from another row.

Examples:

1. Reduce the given matrix to echelon form 4 =

1 1 2
Sol: GivenA=1|1 2 2
2 2 3
R, - Ry — Ry
R, — R,
1-1=0
2—-1=1
2—-2=0
1 1 2
~A=10 1 0
2 2 3
R3—)R3—2XR1
R; —2 X Ry
2—-2%x1=0
2—-2%x1=0
3—-2x2=-1
1 1 2
~A=10 1 0
0 0 -1

This is echelon form.

Number of non-zero rows are 3

The rank of matrix Ais|p(4) = 3

Reduce the given matrix to ECHELON form 4 =
1 1 2
Sol: GivenA = |1 2 3]
3 4 5
R; > R; — R,
R; — Ry
1-1=0
2-1=1
3—-2=1

2
2] and find its rank. [S-24 4M]

3] and find its rank. [W-23 4M]
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1 1 2
~A=10 1 1
3 4 5
R3—)R3—3XR1
R; —3 X Ry
3—-3x1=0
4-3x1=1
5—-3x2=-1
1 1 2
~A=10 1 1
0 1 -1
R3; > R3 — R,
R3 — R,
0-0=0
1-1=0
-1-1=-2
1 1 2
~A=10 1 1
0 0 -2

This is echelon form.

Number of non-zero rows are 3

The rank of matrix Ais|p(4) = 3

3. Reduce the given matrix to ECHELON form 4 =

1 2 3
2 1 4] and findits rank
3 0 5

Sol: Given4A=1|2 1 4

3 0 5
R, >R, —2X R4
R, —2 xR,
2-2%x1=0
1-2x2=-3
4-2x3=-2
1 2 3]

123]

“A=10 -3 =2

3 0 5

R; > R; —3 X R,
R; —3 xR,
3-3x1=0
0-3x2=-6
5-3x3=-4
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1 2 3
~A=|0 -3 =2
0 -6 —4
R3—)R3—2XR2
R; —2 X R,
0—-2x0=0
—-6—-2x-3=0
—4-2%x-2=0
1 2 3
~A=10 -3 =2
0 O 0

This is echelon form.

Number of non-zero rows are 2

The rank of matrix Ais|p(4) = 2

> Homework:

Reduce the given matrix to ECHELON form and find its rank

(1 2 3]
1. A=|4 5 6
7 8 91
(1 2 3]
2. A=12 3 4
13 4 5
[ 1 3 2
3. A= 2 6 4]
-1 -3 -2
4 1 2
4. A=|1 3 4-]
2 4 3
2 -3 5
5. A=|6 -9 15]
8 —-12 20
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UNIT 2

MATRICES (20 MARKS)
Topic Content: Inverse of a matrix by Gauss-Jordan method; Rank of a matrix (Normal Form); Normal form of a
matrix; Consistency of non- homogeneous and homogeneous system of linear equations; Eigen

values and Eigen vectors; Properties of Eigen values and Eigen vectors (without proofs); Cayley-

Hamilton‘s theorem (without proof) and its applications.
- MR SUDHIR S DESAI

Course Outcome: After completion of this course, students will be able to

CO2: Implement matrix concept to solve real life problems.

X/

% Normal Form:
Any non-zero matrix A can be reduced to following four forms,

1
[l 0L [¢

Note: Rank of matrix in normal form = r, since|l.|] =1 # 0.

], 16 8] Where I, is the identity matrix of order r. These forms are called Normal Form.

Procedure to write matrix in Normal Form:
Step (1): By using elementary transformation make a;; =1
Step (2): Using row/ column transformation make 1st column and 1st row zero except ;4.

Step (3): Use the same procedure on a,, and diagonal elements still we get normal form.

+* The elementary row operations include:

e Swapping two rows.
e Multiplying a row by a non-zero scalar.

e Adding or subtracting the multiple of one row from another row.

< Examples:

4. Reduce the following matrix to normal form and hence find its rank.

1 2 3
A=12 3 4|[S-234M]
3 4 5
1 2 3
Sol: GivenA =12 3 4
3 4 5
R, > R, —2 X Ry R; > R; —3 xR,
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R, —2 X Ry

2-2x1=0
3—2%x2=-1
4—-2%x3=-2
1 2 3
0 -1 -2
0 —2 —4
C, > Cy—2x%xCyq
C,—2x0Cq
2—-2%x1=0
-1-2x0=-1
—2-2%x0=-2
1 0 0]

A=

~A=10 -1 =2

0 -2 —4

8087348936
R; —3 X R,

3-3x1=0
4—-3x2=-2
5-3x3=-4

C3—)C3—3XC1

C;—3xC(Cq
3—3x1=0
—2-3Xx0=-2
—4-3x0=-4

1
Rz—)—1XR2,R3—)—EXR3

1 0 0
0 1 2
0 1 2

R; > R;—R,
R; — R,
0-0=0
1-1=0
2-2=0

1 0 0
0 1 2
0 0 O

C3; > C3—2 % C,
C; —2xC,
0-2x0=0
2-2x1=0
0-2x0=0

A=

A=

MATHEMATICS FOR MACHINE LEARNING

A=

1 0 O

0 1 4=[% g
0 0 O

This is normal form.

Number of non-zero rows are 2

The rank of matrix Ais|p(4) = 2
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5. Reduce the given matrix to normal form 4 =

1 2
2 1
30

R, > R, —2 X Ry
R, —2 X Ry
2-2x1=0
1-2x2=-3
4-2x3=-2

1 2 3
0 -3 -2
0 -6 —4

C, >C, —2%Cy
C, —2%Cy
2-2x1=0

—3-2%x0=-3

—6—-2%0=—6

1 0 0]

Sol: Given 4 =

A=

~A=10 -3 -2

0 -6 —4

8087348936

3
|
5
R; > R; —3 X R,
R; —3 xRy
3-3x1=0
0-3x2=-6
5-3x3=—4
C3 > C3—3x%xCy
C;—3x%xCy
3-3x1=0
—2-3x0=-2
—4-3x0=—4

1
RZ—)_1XR2'R3_)_EXR3

1 0 0
0 3 2
0 3 2

A=

1
Cz—>§XCZ

~A=10 1 2

0 1 2
R; - R3 — R,
R; — R,
0—-0=0
1-1=0
2—2=0

1 0 0
0 1 2
0 0 O

C3; > C3—2 % C,
C; —2xC,
0-2x0=0
2-2x1=0
0-2x0=0

100]

A=

MATHEMATICS FOR MACHINE LEARNING
1 2 3
2 1 4
3 0 5

and find its rank
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1.0 0

0 1 0]=[’5 g
00 0

This is normal form.

8087348936

A=

Number of non-zero rows are 2

The rank of matrix Ais[p(4) = 2

6. Reduce the given matrix to normal form 4 =
2 -3 5
Sol: Given4d =6 -9 15
8 —-12 20
Cl—)C3—2XC1
C;—2%xCq
5—-2x2=1
15—-2%x6=3
20—2x8=4
1 -3 5
~A=13 -9 15
4 —-12 20
RZ—)R2—3XR1 R3—)R3—4—XR1
R, —3 xR R; —4 xR
3—3x1=0 4—-4x1=0
—-9-3x-3=0 —12—-4%x-3=0
15—-3%x5=0 20—4x5=0
1 -3 5
~A=10 0 O
0 0 O
CZ—)(:2+3XC1 C3—)C3—5XC1
C,+3xCq C;—5%XCq
—34+3%x1=0 5—-5x1=0
0+3x0=0 0-5x0=0
0+3x0=0 0—-5x0=0
1 0 0
~A=|0 0 O
0 0 O

This is normal form.

Number of non-zero rows are 1

The rank of matrix Ais|p(4) = 1

2
6
8

MATHEMATICS FOR MACHINE LEARNING

-3 5
—9 15| and find its rank
—-12 20

Page 10 of 38




MR. SUDHIR S DESAI 8087348936 MATHEMATICS FOR MACHINE LEARNING

> Homework:

Reduce the given matrix to Normal form and find its rank

(1 2 3]
6. A=14 5 6
7 8 9l
(1 1 2]
7. A=|1 2 3
13 4 5l
[ 1 3 2
8. A=|2 6 4
-1 -3 -2
4 1 2
9. A=|(1 3 4
2 4 3
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UNIT 2

MATRICES (12 MARKS)

Topic Content: Inverse of a matrix by Gauss-Jordan method; Rank of a matrix; Normal form of a matrix;

Consistency of non- homogeneous and homogeneous system of linear equations; Eigen values and

Eigen vectors; Properties of Eigen values and Eigen vectors (without proofs); Cayley-Hamilton‘s

theorem (without proof) and its applications. -

Course Outcome: After completion of this course, students will be able to

CO2: Implement matrix concept to solve real life problems.

+* Inverse of a matrix by Gauss-Jordan method:

STEP I: Write the given matrix in the form. A.A~1 = I, where I is the identity matrix. (|4]| # 0)

STEP II: Use elementary row operations to transform the left side of the matrix (which is A) into the
identity matrix. Apply same transformation to right on the matrix I into the 471

The elementary row operations include:

e Swapping two rows.

e Multiplying a row by a non-zero scalar.

e Adding or subtracting the multiple of one row from another row.

EXAMPLE:
3 -3 4
1. Solve by using Gauss Jordan method Find inverse of matrix A = |2 -3 4]|[W-234M]
0 -1 1
Sol: Write the matrix in the form. A. A1 = |
[3 —3 4] 1 0 O
~12 =3 4].4t'=[0o 1 0
0 —1 11 0 0 1
Ri >R —R,
[1 0 0] 1 -1 0
w2 =3 4].47t'=]0 1 o0
0 —1 1l 0O 0 1
RZ_)RZ_Z*R].
[1 0 0] 1 -1 0
[0 =3 4|.47'=|-2 3 0
0 —1 1] | 0 0 1
Ry, & Ry
1 0 O 1 -1 0
10 -1 1[.47t'=[0 o0 1
0 -3 4 -2 3 0
RZ_)_RZ
1 0 0 1 -1 0
~lo 1 -1].4'=]0 0 -1
0 -3 4 -2 3 0
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R; > R; +3 %R,
1 0 0 1 -1 0
~lo 1 =1[.4a7'=]0 o0 -1
0 0 1 -2 3 -3
R, = R, + R3
1 0 0 1 -1 0
10 1 0][.At=|-2 3 -4
0 0 1 -2 3 =3
1 -1 0
~LAT=|-2 3 -4
-2 3 =3

2. Use Gauss Jordan method to Find inverse of matrix A =

MATHEMATICS FOR MACHINE LEARNING

8087348936
1 -1 0
Al=|-2 3 -4
-2 3 -3

2 1 -1

0 2 -1

5 2 -3

Sol: Write the matrix in the form. A.A™1 = |

1 0
=10 1

I
ocoN|Rr

0 0

2 1 -1
~lo 2 —1].471t=
5 2 -3
Ry
R i
1"2
'1 1 -1
3 2 2 .A_l
0 2 -1
5 2 -3
R3_)R3_5*R1
r 1 —1]
1 - —
2 2
~lo 2 —1].471
. 1 -1
! 2 2
R,
R —_—
2—’2
) 1 -1
2 2
1
~lo 1 —[.A41
2
0 1 -1
0 -5 =
R, > R, +R;
1 0 -1
[0 X _11
:.I 2 |4t
I0 1 -1
| 2 2

0
0
1

© Nl o©
o

oS N|IrRO
o

] (Dec-2018)
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1 0 -1 [—2 0 1]
[O 1 —1] lo 1 ol

2 .A71 =] 2
0 0 -3 [-5 1 1I
4 [2 4 |
R o> tR
- — %
3 3 3
-2 0 1
10 -1 [ 1 ]
1 =0
0 1 —[.A1= 2
0 -1 —4
0 0 1 > 3 3
R, - R, +R;
-4 —1 -1
1 0 0 3 3
-1 1
01 —|[.4atT=j0 = o
2 2
0 0 1 10 -1 —4
L 3 3

r4 -1 -1
10 0 g s 3
0 1 0].471t= 3 3 3
0 01 10 -1 -4
L 3 3
r4 -1 -1
3 3 3
o I_A_lz E 1 __2
3 3 3
10 -1 -4
L 3 3 3
r4 -1 -1
3 3 3
.'.A_lz E 1 __2
3 3 3
10 -1 -4
L 3 3
2 0 -1
3. Use Gauss Jordan method to Find inverse of matrix A=|5 1 0
0 1 3
Sol: Write the matrix in the form. A. A"l = [
2 0 -1 1 0 O
~[5 1 ol.4tT=[0 1 0
01 3 0 0 1
Ry
R -
1™ 2
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1o Lo o
- 2 .A_1=2
5 1 0 01 0
0 1 31 0 0 1
R, >R, —5%R,
[ —1 [1 ]
1 0 — -~ 00
2 | 2 I
o 1 51.471=|—5 ) 0I
3 I R
0 1 31 0 0 1
R; = R; — R,
10 24 O
2 2
5 -5
o 1 = 1.At=1— 1 o0
2 2
0 0 1 > 1 1
2 L 2
Ry = 2 %Ry
[1 o -1 [1 0o ol
I 2 | | 2 I
| 51.471=|-5 I
[0 1 = [ 1 0]
| 2] | 2 |
0 0 1 5 -2 2
1
R1—>R1+§*R3
1 0 0 3 -1 1
5 -5
1 =|.A41=—= 1 o0
0 2 2
0 0 1 5 -2 2
RZ_)RZ__*R3
1 0 0 3 -1 1
~lo 1 ol.A4'=]-15 6 -5
0 0 1 5 -2 2
3 -1 1]
~L.LA'=|-15 6 -5
5 -2 2
3 -1 1
A—lz[—15 6 —5]
5 -2 2

1 2 -2
4. Use Gauss Jordan method to Find inverseof matrixA=|10 -2 1 ] [S-24, 4M]
-1 3 0
Sol: Write the matrix in the form. A.A™1 = [
1 2 =2 1 0 O
0 -2 1].4t=|0 10
-1 3 0 0 0 1
R; > R; + R,
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1 2 =2 1
o =2 1.4 t=]o
0 5 =2 1
R, > 2*R, + R;
1 2 -2 1
<101 0].471=[1
0 5 -2 1
Ri >Ry —2%Ry,R; > Ry
1 0 -2 -1
<0 1 0].4t=|1
0 0 -2 —4
R
R -
3—’_2
1 0 -2 -1
01 o0ll.4at=]1
0 0 1 2
R, > Ry +2%*R,g
1 0 0 3 6
0 1 0].4t=|1 2
0 0 1 2 5

_J

8087348936

MATHEMATICS FOR MACHINE LEARNING
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Homework:

8087348936

Use Gauss Jordan method to find the inverse of matrix 4

(1 2 3
1.12 4 5
3 5 6

1 3

0 ] [S-23 4M]

MATHEMATICS FOR MACHINE LEARNING
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UNIT 2

MATRICES (20 MARKS)
Topic Content: Inverse of a matrix by Gauss-Jordan method; Rank of a matrix; Normal form of a matrix;
Consistency of non- homogeneous and homogeneous system of linear equations; Eigen values and

Eigen vectors; Properties of Eigen values and Eigen vectors (without proofs); Cayley-Hamilton‘s

theorem (without proof) and its applications. e ——

Course Outcome: After completion of this course, students will be able to

CO2: Implement matrix concept to solve real life problems.

++» Consistency of non- homogeneous and homogeneous system of linear equations:
Let us consider the non-homogeneous system of m linear equations in n unknowns x1, X3, X3, ... ... .. , Xn -
a1X1 + 12X + ag3x3 + -+ Xy = by,

Ap1X1 + AoaXy + Ap3Xx3 + -+ AypXy = by, 1)

Am1X1 + QX + QzXs + -+ QunXn = by

To check the consistency (i.e. if the system of equation has at least one solution) we find the rank of

matrices.
ai; Q12 033 Ain
A= azq a:22 azs Qon
Am1 Am2 Aam3 Amn
And
;1 Q2 Q13 - Qin| by
K = [4:B] = a:21 a:22 a:23 a?n b'z
Am1 Amz  Am3 - Qmn| by,

Here A is called coefficient matrix & K is called augmented matrix of equation 1)
We find the rank of matrix A & K by reducing them to triangular form by applying elementary row

transformations.

> Conditions To Check Consistency:

Case 1) If p(A) + p(K) then the system of equation 1) is said to be inconsistent. There will be no solution.
Case ll) If p(A) = p(K) then the system of equation 1) is said to be consistent. There will be at least one
solution.
1) p(A) = p(K) = n (Number of unknowns) the system will have a unique solution.
2) p(A) = p(K) < n (Number of unknowns) the system will have infinite number of solution &

assign n — r parameters to variables.
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Examples:

8087348936 MATHEMATICS FOR MACHINE LEARNING

1. Determine the consistency of set of equations. x — 2y +z =—-5,x+5y—-7z=2,3x+y—5z=1.

Sol: The given system of equation can be written as, AX = B

15 B[

R, > R, — Ry, Rs » Rs —3 X R,
R, — R, —3 xR,
1-1=0 3—-3x1=0
5—(=2)=7 | 1-3x(=2)=7
-7—1=-8 —-5-3%x1=-8
2-(=5)=7 | 1-3x(-5)=16
1 -2 17x -5
.10 7 -8 [y= 7
0 7 -8llz 16
R3 2R3 —R;
R; =R,
0—-0=0
7-7=7)
—-8—-(-8)=0
-7=9
1
...[0 _8][] |: ]
0
Herep(A)=2&p(K)= 7 —8 7]=3.
0 O 019

aplA)=2+p(K)=3
System is in consistent & has no solution.
2. Test for consistency and solve: 5x + 3y + 7z = 4,3x + 26y + 2z =9,7x + 2y + 10z = 5 [S-24 4M]

Sol: The given system of equation can be written as, AX = B

5 3
~ 13 26
7 2 10
RZ_)SXR2_3XR1,R3_)5XR3_7XR1
5XR, —3XRq 5XR;—7XRq
5x3-3%x5=0 5x7—-7%x5=0
5X26—3%Xx3=121| 5Xx2—-7%Xx3=—
5x2-3x7=-11 5x10—-7%x7=1
5Xx9—-3x%x4=33 5Xx5—-7%x4=-—
5
0 121 - 33
0 -11

Page 19 of 38




MR. SUDHIR S DESAI 8087348936

R; > 11X Rs + R,

11 X R; — R,
11x0—-0=0
11x—-11+121=0
11x1+(-11)=0
11x-3+33=0

5 3 7 1rx 4
[O 121 -11 [y] = 33]
0 0 0 z 0
5 3 7
Herep(A) =2&p(K)=|0 121 -11
0 0 0

MATHEMATICS FOR MACHINE LEARNING

......... (1)
4

33] =2.
0

ap(A)=2=pK) =2

This system is consistent.
Assignn —r = 3 — 2 = 1 parameter.

Consider

From equation 1)

“5x+3y+7z=4......
~ 121y —11z=33 .........

Put z = t in equation 3)

2121y — 11t =

33

#1121y =33 + 11t

Divide by 121

3
11

1
11

Sy = +

t

Puty =%+%t & z = tin equation 1)

-(2)
.(3)

3 1
5x+3(—+—t)+7t=4

11 11

9 3
S5+ —+—=t+7t=4

11 11
_ 80 9
--5X+Ht=4—ﬁ
80 35
5x+Ht_H
35 80
SX_H 11
Divide by 5
7 16
1111t
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3. Examine the following linear system of equation for consistency & solve it if consistent.

4x—-2y+6z=8,x+y—3z=-1,15x— 3y + 9z = 21 [S-23, W-23 4M]

Sol: The given system of equation can be written as, AX = B

4
~ |1
15 21
Ri © R,
1
~ |4
15 21
R, > R, —4XR{,R; > R; —15 X R,
R, —4 X R4 R; —15 X R,
4—-4x1=0 15-15x1=0
—2—-4%x1=-6 —-3-15x1=-18

6—4x(—3)=18 | 9—15x (=3) = 54
8—4x(-1)=12 | 21-15x (-1) =36

[é T éﬂ |- [ ]

R; > R;—3XR,

R; — 3 X R,
0-3x0=0
—18-3x—-6=0
54—3x15=0
36-3x12=0

AR

Here p(A) =2 & p(K) =

—6 18 12]—2.
0 0 010

~p(A)=2=p(K) =2

This system is consistent.
Assignn —r = 3 — 2 = 1 parameter.
Consider [z = ]
From equation 1)
sx+y—3z=—-1.......(2)
=6y +18z=12.......(3)
Put z = t in equation 3)
L —6y+18(t) =12
L —6y=12-18t
Divide by —6
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Puty = —2 + 3t,z = t in equation 1)
tx+(=24+3t)-3t=-1
sx—=243t-3t=-1
sx—2=-1

4. Determine the consistency of set of equations. x + 2y +z = 3,2x 4+ 3y + 2z =5,
3x-5y+5z=2,3x+9y—z=4.

Sol: The given system of equation can be written as, AX = B

I

13 -5 s |72

3 9 -1 4

R, > R, —2X Ry, Ry = Ry — 3 X Ry, Ry = Ry — 3 X R,

R, — 2 x Ry R; — 3 X R, R, — 3 X R,
2-2x1=0 3-3x1=0 3-3x1=0
3_2x2=-1 5-3x2=-11 9-3x2=3
2-2x1=0 5_3x1=2 1-3x1=-4
5_2x3=-1 2-3x3=-7 4-3x3=-5

IR

Ry > R;—11X R, R, > R, +3XR,

R; — 11 X R, Ry + 3 XR,
0—-11x0=0 0+3x0=0

—11-11%x(-1)=0| 3+3x-1=0

2—-11x0=2 —4+3Xx0=—-4
—7-11x(-1)=4 | -5+43x—-1=-—

1 2
0 -
“(o 0
0 0

Ry — R, +2 X Ry

Ry +2 X Ry
0+2x0=0
0+2x0=0
—4+4+2x2=0
—-8+2%x4=0
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TET

1 1] 3
3 0 —1 o[-1| _ 3
Here p(A) =3 & p(K) = 0 0 2|4 = 3. Number of unknowns = 3.
0 0 oOlo

“pd)=p(K)=n=3
System is consistent & has a unique solution.
From equation 1), we get.

x+2y+z=3....2)
—y=-1=[=1]

4
2z2=4=>z==|"z2=2
2
Puty = 1,z = 2 in equation 2)
x+2(1)+2=3
~x+4=3

cx=3-4=[=—1

The required solutionis (—1, 1, 2).

5. Check the consistency of set of equations & solve. 2x —3y+5z=1,3x+y—z =2,
x + 4y — 6z = 1 (Dec-2023) 6Marks

Sol: The given system of equation can be written as, AX = B

2 -3 5] 1
3 1 -=1||1y|1=|2
1 4 -6 1
Ri © R3
4

AJbJ-l

R, >R, —3X Ry, Ry > Ry —2 X R,

R, —3 X Ry R; —2 X R,
3—3x1=0 2—2%X1=0

1-3x4=-11 —-3-2%x4=-11
-1-3x-6=17 5-2x-6=17
2—-3x1=-1 1-2x1=-1

[:11 ]HH

R3_)R3_R2

R3_R2
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0-0=0

“11-(-11) =0

17—-17=0

—1—(—1):0
[ 11 17 1)
-6 1

Herep(A)—Z&p(K)— —11 17|-1| =2

0 0 010

p(A)=2=p(K)=2<n=3
System is consistent & has infinite solution.

From equation 1), we get.

x+4y—6z=1.... 2)
—11y + 17z = —1....3)
Consider|[z = ]

From equation 3)
=11y +17t = -1
=11y =-1-17t

~11ly =1+ 17t
o1 17t
..y_ﬁ-{—ﬁ

From equation 2)

4 — =1
X+ [11+ t] 6t

xt o B ei=1
XTI T =

The required solution is (% - — t — + — t t)
6. For what value of k is the following system of equations is consistent & hence solve for them

x+y+z=1,x+2y+4z=kx+4y+ 10z = k?
Sol: The given system of equation can be written as, AX = B
kzl

R

R, >R, —R,R3 > Rz — Ry
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R; — R4 R3 — R4
1-1=0 1-1=0
2—-1=1 4—-1=3
4-1=3 10-1=9
k—-1=k-1 k?—1=k?>-1
r 1 1
0 1 3[] [ ]
0 3 9 k? —

Ry » R; — 3 XR,

—~3 xR,
0-3x0=0
3-3x1=0
9-3x3=0

k2—1—3x(k—n=k2—1—3k+3=k2—3k+2

1 1
0 1

0 0

1)

-5

Here p(4) = 2

The rank of k also be 2 if k2 — 3k + 2 = 0, on solving we get k = 1,2.

The ranks of A & K will be equal for k = 1,2.

The given system equation will be consistent for k = 1,2.

Wegetp(A)=2=p(K)=2<n=3

Hence the system have infinite no. of solutions for k = 1,2.

For k = 1.

Equation 1) becomes;

1
0
0

The required solution is (1 + 2t, —3t, t)

1 1 1
1 4b1= 1-1
o ollzl 112-3(1D)+2

;-

0 1 3
0 0 0ltz

x+y+z=1

y+3z=0
Put|z = ]
y+3t=0-|y= -3t
Puty =-3t&z=t
x+(-3t)+t=1

—2t=1-[x=1+2{]

MATHEMATICS FOR MACHINE LEARNING
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For k = 2.

Equation 1) becomes;

1 1 11 1
0 1 3[3/]: 2—-1
0 0o ollzl [22-3(2)+2

1 1 1 1
0 1 3 y]= 1
0 0 0ltz 0
x+y+z=1
y+3z=1
Putlz = 1]

y+3t=1-[y=1-3¢
Puty=1-3t; &z=1¢;
x+1-3t;+t; =1
X+1-2t;=1->x=1+2t; —1 - |x = 2]

The required solution is (2t;,1 — 3t4,t;)

= HOMEWORK:
Check the consistency of set of equations & solve.
1.5x+3y+7z=4,3x+26y+2z=9,7x+ 2y +10z =5
2.4x—-2y+6z=8,x+y—-3z=-1,15x—-3y+9z =21
3.x-2y+3t=22x+y+z+t=44x—-3y+z+7t=8
4.x1+x3+x3=3,2x1 —xp+3x3 =1,4x1 + x5 +5x3 =2,3x1 —2x, +x3 =4
5.x1+x;+x3=6,x1 — X3 +2x3=53x1 +x,+x3=8,2x; —2x, +3x3=7

6.5x+3y+7z2=4,3x+26y+2z=9,7x+2y+10z =5
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UNIT 2
MATRICES (20 MARKS)
Topic Content: Inverse of a matrix by Gauss-Jordan method; Rank of a matrix; Normal form of a matrix;
Consistency of non- homogeneous and homogeneous system of linear equations; Eigen values and

Eigen vectors; Properties of Eigen values and Eigen vectors (without proofs); Cayley-Hamilton‘s

theorem (without proof) and its applications. e ——

Course Outcome: After completion of this course, students will be able to

CO2: Implement matrix concept to solve real life problems.

++» Consistency of homogeneous system of linear equations:
Let us consider the homogeneous system of m linear equations in n unknowns x4, X3, X3, ... ... ... , Xn-
a11%X1 + 12Xy + aq3x3 + -+ aipx, =0,

az1Xq + Ay02Xp + ay3X3 + -+ AoynXn = 0, 1)

Am1X1 + ApaXs + QX3 + -+ Qpnxy, = 0

To check the consistency (i.e. if the system of equation has at least one solution) we find the rank of

matrices.
aj; Q12 Qg3 A1n
az1 Az dz3 QAzn
A= >
Am1 Am2 ams3 o Amn

Here A is called coefficient matrix of equation 1)

We find the rank of matrix A by reducing them to triangular form by applying elementary row

transformations.

> Conditions To Check Consistency:

Casel) If p(A) = n (Number of unknowns) then the system of equation 1) will have only a trivial
solution. xq_ x5 = X3 = - ... ... =x,=0
Case ll) If p(A) < n (Number of unknowns) then the system of equation 1) will have infinite number of

solution (non-trivial solution) & assigh n — r parameters to variables.

Note: The necessary & sufficient condition for the system of equations 1) to have non trivial solution is

that determinant of coefficient matrix is zero.
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e Examples:
1. Solve the equations. x + 2y +3z=0,3x+4y+4z=0,7x+ 10y + 12z = 0.

Sol: The given system of equation can be written as, AX = B

1 2 3> 0
~[3 4 4 [}’] =10
7 10 121tz 0

R, >R, —3XRy,Rs > Ry —7 X Ry

—3 xRy R; —7 X R,

3—3x1=0 7—-7%x1=0

4—-3x2=-2| 10-7x2=-4

4—-3x3=-5| 12-7%x3=-

(EE A

R3_)R3_2XR2

R; —2 xR,

0-2x0=0
—4-2x(-2)=0
—9-2x(-5)=1

1 2 3] 0
0 0 11tz 0
Here p(A) = 3 &. Number of unknowns = 3.

~p(A) =n=3

System will have a trivial solution.

x=y=2z=0]

2. Solve the equations. x +3y +2z=0,2x—y+3z2=0,3x—-5y+4z=0.

Sol: The given system of equation can be written as, AX = B

L s iH H

Rz_)RZ_ZXRl,R3_)R3_3XR1
R, —2 X Ry Rz —3 X Ry
2—-2x1=0 3-3x1=0

—-1-2%x3=-7 | -5-3x3=-14

3—2x2=-1 4—-3x2=-2

[ —-14 —2
R3_)R3_2XR2

R; —2 xR,
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0—-2x0=0

—14-2%x(-7)=0
—2-2x(-1)=0

-

Here p(A) =2 <n = 3.

0
O] ......... 1)
0

1 3 2
alo =7 <1
0 0 0

System will have infinite number of solutions.
Assignn —r = 3 — 2 = 1 parameter.
Consider
From equation 1), we get.
x+3y+2z=0.... 2)

-7y —z=0....3)
w=7y—t=0=>7y+t=0

~Ty=—-t= y:7

Puty = _7t,z = t in equation 2)

—t
.'-x+3<7)+2t=0

.3t
--X—7+2t=0
) 11t 11t
Pxt == 0= =

The required solution is (— %, —;, t)
3. Find the value of k so that the equations x + y + 3z =0,4x+ 3y + kz =0,2x +y + 2z = 0 have
non-trivial solution.
Sol: The determinant of coefficient matrix should be zero for the given system of equations to have non-
trivial solution.

1 1 3
.14 3 k
2 1 2

~wff Gl-f el if=o
~1.[6—k]—1.[8—2k]+3.[4—6]=0
n6—k—8+2k+12—-18=0
“k—8=0

For k = 8 the given system of equations will have non-trivial solutions.

=0

* HOMEWORK:
Solve the equations 4x +2y+z+3w=0,6x+3y+4z+7w=0,2x+y+w=0
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UNIT 2

MATRICES (20 MARKS)
Topic Content: Inverse of a matrix by Gauss-Jordan method; Rank of a matrix; Normal form of a matrix;
Consistency of non- homogeneous and homogeneous system of linear equations; Eigen values and

Eigen vectors; Properties of Eigen values and Eigen vectors (without proofs)

MR SUDHIR S DESAI

Course Outcome: After completion of this course, students will be able to

CO2: Implement matrix concept to solve real life problems.

)/

+* Eigen values and Eigen vectors:

e Characteristic Equation:

Consider A be the n rowed square matrix, A be any scalar and I is be the identity matrix of same
order as A. Then matrix [A — AI] is called as characteristic matrix.

The determinant |A — Al| is called as characteristic polynomial of A & equation |A — AI| = 0 is
called as characteristic equation.

e Eigen Values:
The roots of characteristic equation |A — AI| = 0 is called as Eigen values.

e Eigen Vectors:
A non-zero vector that only gets scaled (not rotated) when a linear transformation is applied to it.

e Methods of finding characteristic equation:

a) The characteristic equation of a 3 x 3 matrix is A3 — s;4% + 5,4 — |A| = 0
Where, s; = Sum of main diagonal elements.
S, = Sum of minors of main diagonal elements.
b) The characteristic equation of a 2 x 2 matrixis A2 — s;1 + |4] = 0

Where, s; = Sum of main diagonal elements.

<+ Properties of Eigen values & Eigen vectors:

I.  The Eigen values of a square matrix A & it’s transpose AT are same.

Il.  The Eigen values of a triangular matrix are just its diagonal elements.

3 1 4
fA=10 2 6] then Eigen values are A = 3,2,5
0 0 5

lll.  The Eigen values of an idempotent matrix are either zero or unity.
The square matrix A is said to be idempotent if A= Athen 2 = 0,1
IV.  The sum of Eigen values of matrix A is equal to the sum of its diagonal elements.

V.  The product of Eigen values of a square matrix A is equal to the determinant of the matrix A.

VI. If A is the Eigen value of matrix A, then % will be the Eigen values of A
VII. If A is the Eigen value of the orthogonal matrix A, then % will also be the Eigen values of A.
VIIl.  If Ais the Eigen value of matrix A are 14, 4,, ....., 4,, then the Eigen values of the matrix A™ are
™A™ .., A, . m being a positive integer.
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> Examples:

1. Find the Eigen values for the following matrix. 4 = [i ;] [S-23, W-23 2M]

Sol: Given 4 = [i ;
The characteristic equationis |A — AI| = 0
*PIA ziﬁzo x *8
~G-HD2-H)-@0 =0 ) 6/\_‘1
£10-51—-21+2*-4=0 + 4
2 A2 =T71+6=0

~(A=-6)1-1)=0
#A—6=0&A—1=0

[ 1=6&1=1]

These are required Eigen Values.

2. Find the Eigen values & Eigen vectors for the following matrix. A = [1 ;]
: M 2

Sol: Given A = [4 3
The characteristic equationis |[A — AI| = 0
=4 2 | _
”|4 3—ﬂ_0
F1=DB=D=-@@B =0 ’ /5\
23—-1-31+22-8=0 i +1

4+

wA2—42-5=0 -4

~(A-50A+1)=0
“A—5=0&A+1=0
[~ A=5&4=—1]

These are required Eigen Values.
To find Eigen Vectors:

Consider [A—AI]X =0

o RN 3

ForA =5:

Put A = 5 in equation 1)
1157 528l =[o]
[ Sl =[]
L—=4x1+2x,=0......2)
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&4x; — 2%, =0.........3)

Consider, 4x; — 2x, =0
Divide by 2

W 2% — X =0

S 2X1 = Xo
X1 X
12

X1 =1&x, =2

~ For A = 5 the required Eigen vector is [;]

ForA = —1:

Put A = —1 in equation 1)

[1 —2—1) 3— %—1)] [iﬂ = [8]

-3 dlal=[
~2x1+2x,=0......4)
&4x1+4x,=0......5)
Consider, 4x; + 4x, =0
Divide by 4

X +x, =0
X1 = TX
X1 X

-1 1

-‘-x1=—1&x2 =1

~ For 4 = —1 the required Eigen vector is [_11]

8 -6 2
3. Find the Eigen values & Eigen vectors for the following matrix. A =|—-6 7 —4]
2 —4 3
8 —6 2
Sol: GivenA=|-6 7 -4
2 -4 3

The characteristic equationis [A — AI| = 0

8—-1 -6 2
-6 7—-1 —4
2 -4 3-2

A /13 - 5112 + Szl - |A| = 0 ...... 1)

=0

= 51 = Sum of main diagonal elements of matrix A.

-'-51=8+7+3:>

S, = Sum of minors of main diagonal elements of matrix A.

L. 17 -4 -6 —4 -6 7

Rl I L P L P
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ns;=21—16+(-18) — (-8) + 24 — 14 >
8 -6 2
&lIAl=|-6 7 -4
2 -4 3

o7, f-colF ol

«~|A] = 8[21 — 16] + 6[—18 — (—8)] + 2[24 — 14]

Equation 1) becomes;
2 A3 —18124452-0=0
n A3 =182 +451=0

Taking A comman.

X +45
2 A% — 182+ 45] =0 7\
2 AA=15(1—=3)=0 -15 -3
“1=0,1-15=0,1-3=0 -18

These are required Eigen Values.
To find Eigen Vectors:
Consider [A—AI]X =0

8—-1 -6 2 X1 0
“l -6 7—-212 -4 ||x2|=]0].....1)
2 -4 3-21X3 0
ForA =0:

Put A = 0 in equation 1)

8—0 —6 2 Jxy [0
-'-[—6 7-0 —4]x2 =[0]
2 -4 3-ollxl 1o
8 —6 271y [0
[—6 7 —4] x| = H
2 -4 31kl o

Writing equations;

8xqy — 6x5, +2x3 =0

Divide by 2

~4xy = 3x, +x3=0.....2)
—6x1 + 7x; —4x3 =0 .....3)

Solving 2) & 3) Using Crammers Rule,
X1 —X2 X3
|—3 1|:|4 1|:|4 —3|

7 -4 -6 —4 -6 7
T —X2 X3
"12-7 -16—(—6) 28-18

7

—4

MATHEMATICS FOR MACHINE LEARNING
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X1 TX2 X3
"5 710 10
Divide by 5

X1 X2 X3
172772

1
~ A = 0 Corresponding Eigen vector is [2]
2

ForA =15:
Put A = 15 in equation 1)

[8:25 =15 = J[e]= o
Jre =5 =] [

Writing equations;
—7x1 —6x3 +2x3=0..... 2)
—6x1 —8xy —4x3 =0
Divide by — 2
3xy+4x, +2x3=0..... 3)
2x1 —4x, — 12x3 =0
Divide by 2
—2x, —6x3 =0 .. .. 4)
Solving 3) & 4) Using Crammers Rule,

X1 X2 X3

et B -t B -
—2

. X1 . TX X3

T -24—(-4) -18-2 -6-4

. X1 —X2 X3

" 200 —20 —10

Divide by — 10

X1 X2 X3

272 1

X1 X2 X3

2 =2 1

2
~ A = 15 corresponding Eigen vector is [—2]
1

Ford = 3:
Put A = 3 in equation 1)

{5 72 2 JRel-f

MATHEMATICS FOR MACHINE LEARNING
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5 -6 21r*%1 0
[—6 4 —4] [xz] = [0]
2 —4 01x3 0

Writing equations;

8087348936

5x1 —6x, +2x3=0..... 2)

—6x1 +4x, —4x3 =0

Divide by — 2

3x1—2x, +2x3=0.... 3)

2x1 —4x, + 0x3 =0

Divide by 2

X1 —2x5—0x3=0.... 4)
Solving 3) & 4) Using Crammers Rule,

X1 —X2 X3
|—2 2[ 3 2=|3 —2
-2 0 1 0 1 -2
. X1 _ X2 _ X3
T0—-(=2) 0-2 —-6—(-2)
X1 —X2 X3
2T 2
Divide by 2
X1 —X2 X3
1T 1 =2
X1 X2 X3
11 =2

1
~ A = 3 corresponding Eigen vector is l 1 ]
-2

4. Find the Eigen values & Eigen vectors for the following matrix. 4 =

1 0 —4
Sol: GivenA=|0 5 4
-4 4 3
The characteristic equationis |[A — AI| = 0
1-A1 0 —4
0 5-1 4 |1=0
—4 4 3—1

A /13 - 5112 + Szl - |A| = 0 ...... 1)
~ 5§, = Sum of main diagonal elements of matrix A.

-'-51:1+5+3$

s, = Sum of minors of main diagonal elements of matrix A.

il P R B E P

#$;=15-16+3-16+5-0=>

MATHEMATICS FOR MACHINE LEARNING

1 0 -4
0 5 4
-4 4 3
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1 0 —4
&|Al=]0 5 4
-4 4 3

sar=l]) -] o]

~ |A] = 1[15 — 16] + 0 — 4[0 — (—20)]

Equation 1) becomes;

~23-922-91+81=0

Here A = 3 is one of its Eigen value.

By Synthetic Division Method.
322 2 C

3‘1 9 -9 a1

3 18 81
1 6 -27 [0]
S
A2 2 C /\
2(A=3)(A2—-61-27)=0 -9 3

“(A=3)A-9A+3)=0 + g

These are required Eigen values.

To find Eigen vectors:

Consider [A—AI]X =0

1-2 0 —4
~1 O 5—-1 4
—4 4 3—1
ForA = 3:

X1
X2
X3

L
-l

Put A = 3 in equation 1)

1-3 0 —4
[ 0 5-3 4 ]

—4 4 3-3

-2 0 41 0
~10 2 4 [xz =10

—4 4 013 0
Writing equations;
_le + 0x2 - 4X3 = 0

Divide by 2

X1
X3
X3

W —x1+0x; —2x3=0....3)
0x1 + 2x, +4x3 =0
Divide by 2
2 0x;+x +2x3=0..... 4)
—4x; +4x, +0x3 =0
Divide by 4
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S —Xq + sz + Ox:; =0.... 5)

Solving 3) & 4) Using Crammers Rule,

X1 X2 X3
|0 —2| - |—1 —2| - |—1 0
1 2 0 2 0 1
. X1 X2 X3
“0-(=2) -2-0 -1-0
X1 X2 X3
T2 -2 -1

X1 X2 X3

2 2 -1

2
~ A = 3 corresponding Eigen vector is l 2 }
-1

ForA =9:
Put A = 9 in equation 1)

1-9 0 —4 11Xx1 0
[ 0 5-9 4 ]xz =[0]
—4 4 3—9]x3 0
-8 0 —4]x7 [0
[o 4 4][01
—4 4 —61x3 0

Writing equations;

—8x1 +0xy —4x3 =0

Divide by 4

s~ =2x1+0x; —x3=0....3)
0xq —4x, +4x3 =0

Divide by 4

S 0xy—x2+x3=0... .. 4)
—4x, +4xy — 6x3 =0

Divide by 2
S—=2xq+2x,—3x3=0..... 5)
Solving 3) & 4) Using Crammers Rule,

Xy —x, X3

|0 —1| |—2 —1|:|—2 0|
-1 1 0 1 0o -1

S —X2 X3
“0-1 —2-0 2-0
X1 TX2 X3
-1 -2 2

X1 X X3
12 2

-1
~ A = 9 Corresponding Eigen vector is [ 2 l
2
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ForA=-3:
Put A = —3in equation 1)

1—(-3) 0 —4 ixy7 [0
: 0 5—(=3) 4 [xz] = H
—4 4 3—(=3)|xs! o

4 0 —4]m™ 0
~10 8 4 [xz] =10
-4 4 61lx3 0

Writing equations;

4x; +0x; —4x3 =0

Divide by 4

“x1+0x, —x3=0....3)

0xq +8x, +4x3 =0

Divide by 4

~0xy+2x, +x3=0...... 4)
—4x, +4x, +6x3 =0

Divide by 2
s—=2x1+2x,+3x3=0..... 5)
Solving 3) & 4) Using Crammers Rule,

X1 —X2 X3

2 21l 3 o

. X1 "X X3
"0-(-2) 1-0 2-0
X1 —X2 X3
271 2
X1 X3 X3
2 -1 2

2
~ A = —3 Corresponding Eigen vector is [—1]
2

> Homework:

Find the Eigen Values & Eigen vectors of following matrix.

3 1 4
1. A=|0 2 6
005
2 1 -1
2. A=|1 1 —2]
-1 -2 1
4 2 -2
3. A=|-5 3 2][5-244M]
2 4 1
a. A= 0|23, w2z am
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