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UNIT 4

NUMERICAL DIFFERENTIATION AND INTEGRATION (12 MARKS)

Topic Content:
4.1 Introduction to numerical differentiation and integration

4.2 Derivative using forward and backward interpolation
o . . . MR SUDHIR S DESAI

4.3 Numerical integration using Trapezoidal rule

4.4 Numerical integration using Simpson’s one third rule

4.5 Numerical integration using Simpson’s three eight rule

Course Outcome: After completion of this course, students will be able to
co4:
+* Introduction.

The process of evaluating a definite integral from a set of tabulated values of the integrand f(x) is
called numerical integration. This process when applied to a function of a single variable, is known as
guadrature.

The problem of numerical integration, like that of numerical differentiation, is solved by
representing f(x) by an interpolation formula and then integrating it between the given limits. In this way,
we can derive quadrature formulae for approximate integration of a function defined by a set of numerical
values only.

+* Trapezoidal Rule: 4M/6M Que. 5

b h
f f(x)dx = E[()’o +Yn) + 211 Y2 t Y3+ + Ynoe)]

b—a .
Where h = —.»Nn=no. of subintervals

«* Examples:
1. Evaluate fz i dx using trapezoidal rule & by dividing the interval [2, 7] into five equal sub-intervals.

Sol: Consider,

7
1
I = f— dx
X
2
Here,
a=2,b=7,n=5,h=bn;a=75;2—>
X 2 3 4 5 6 7
1
y=f(x)== 0.5 0.3333 0.25 0.2 0.1667 0.1429
X
Yo Y1 Y2 Y3 Ya Yn

By Trapezoidal Rule.

b h
f f(x)dx = E[()’o +y)+2(y1ty2tys+t ya-1)l
7

1 1
J; dx = 5[(0.5+0.1429) + 2(0.3333 +0.25 + 0.2 + 0.1667)]
2

7
1
f— dx =1.2715
. x
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2. Evaluate fol ﬁ dx by dividing the interval in six subintervals by Trapezoidal rule.
Sol: Consider,

= [l
_01+x2x

Here,
a=0b=1n=6h=""="2-[h=0.1667]
X 0 0.1667 0.3334 0.5001 0.6668 0.8335 1
y=fx)
1 1 0.9730 0.9 0.7999 0.6922 0.5901 0.5
"1t x?
Yo Y1 Y2 Y3 Ya Vs Yn

By Trapezoidal Rule.

b
h
[ 1@ dx =510 + 30 + 201 + 32 + v 4+ yu )]
a
_fl L 06667
e T+ T

[(1 + 0.5) 4+ 2(0.9730 + 0.9 + 0.7999 + 0.6922 + 0.5901)]

11
——dx = 0.7844
j;) 1+.2"

1

3. Evaluate by Trapezoidal rule f5 dx dividing the range into 10 equal parts.

0 4x+5
Sol: Consider,
51

I = dx

fo 4x +5
Here,
a=0b=5n=10h=""=""5[h=0.5

X 0 0.5 1 1.5 2 2.5 3 3.5 4 4.5 5
y=f(
1 0.2 | 0.1429 | 0.1111 | 0.0909 | 0.0769 | 0.0667 | 0.0588 | 0.0526 | 0.0476 | 0.0435 | 0.04

4x+5

Yo Y1 Y2 Y3 Ya Ys Yo Y7 Vs Yo Yn

By Trapezoidal Rule.

b h
f f(x)dx = E[()’o +Yn) 271t Y2 +y3+ -+ Yno1)]

-fs ! d —0'5[(02+004)
C)y dxs T 2 AT

+2(0.1429 + 0.1111 + 0.0909 + 0.0769 + 0.0667 + 0.0588 + 0.0526 + 0.0476
+0.0435)]

51
=0.4
fo 4x+5dx 0.4055
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Homework:

Use trapezoidal rule to evaluate f01 x2 dx considering five sub-intervals. (Ans: 0.26)
Evaluate flz % by using Trapezoidal rule h = 0.25. (Ans: 0.697)
Evaluate fol e* dx by using Trapezoidal rule with subintervals n = 10. (Ans: 1.7196)

Using Trapezoidal rule evaluate f06 f(x) dx from the following data. Take n = 6. (Ans: 2.5213)

X 0 1 2 3 4 5 6

f(x) 1 0.5 | 0.3333 | 0.25 | 0.2 | 0.6666 | 0.1428

Use Trapezoidal rule to evaluate foz(l +x3) dxwithh = % (Ans: 6.25)

Evaluate f:(l + x%) dx by using Trapezoidal rule taking h = 1. (Ans: 71)

1

Evaluate f:m dx by dividing the interval in six subintervals by Trapezoidal rule. (Ans: 1.4108)

Evaluate foz e"2 dx by using Trapezoidal rule with subintervals n = 10. (Ans: 17.0621)

. 11 . .
Use trapezoidal rule to evaluate fo T dx considering five sub-intervals.
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Topic Content:

4.1 Introduction to numerical differentiation and integration

4.2 Derivative using forward and backward interpolation
o ) ) i MR SUDHIR S DESAI

4.3 Numerical integration using Trapezoidal rule

4.4 Numerical integration using Simpson’s one third rule

4.5 Numerical integration using Simpson’s three eight rule

Course Outcome: After completion of this course, students will be able to
CO4:

rd
o Simpsons% Rule: 4M/6M Que. 5

b
j fdx=Z[(yo+yn) +41+y3+ -+ Y1) + 22 + Y4+ =+ Yn2)]
a
Where h = b%, n = no. of subintervals

! WS

¢ Examples:
4. Evaluate foz Vx dx using Simpson’s one third rule & by dividing the interval (0, 2) into four

sub-intervals.
Sol: Consider,

2
I = j\/} dx
0
Here,
a=0b=2n=4h="2=205[n=05
X 0 0.5 1 1.5 2
y=f 0 0.7071 1 1.2247 1.4142
=x
Yo Y1 Y2 Y3 Yn
1Td
By Simpson’sg Rule.

b
h
f f(x)dx = 5[(370 +yn) t4@1t Y3+t Yn1) F 22+ Yt Ya2)]
a
2

0.5
f\/E di = —=[(0 + 1.4142) + 4(0.7071 + 1.2247) + 2(1)]
0

2
f\/} dx = 1.8569
0
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5. Evaluate foz e * dx using Simpson’s one third rule & by dividing the interval (0, 2) into four
sub-intervals.

Sol: Consider,
2

I:fe_xdx

0

Here,
a=0b=2n=4h="2=22Th=0.5]
x 0 0.5 1 15 2
Y :_’;(x) 1 0.6065 0.3679 0.2231 0.1353
Yo V1 Y2 Y3 Yn

X 1Td
By Simpson’s 3 Rule.

b
h
f f(x)dx = 3 (Yo +yn) +4(y1+y3+ -+ Yn-1) + 202+ Y4+ + yn_2)]
‘2 0.5
f e~ dx = ?[(1 + 0.1353) + 4(0.6065 + 0.2231) + 2(0.3679)]

0
2

.-.fe‘x dx = 0.8649
0

. 1 x? - . . .
6. Evaluate the integral fo # dx using Simpsons one third rule into 4 equal sub intervals.

Sol: Consider,
1

1—j 2
) 14«3 X
0

Here,
a=0,b=1,n=4,h=bn;a=%—>
x 0 0.25 0.5 0.75 1
y=f®
x? 0 0.0615 0.2222 0.3956 0.5
~1+a3
Yo Y1 Y2 Y3 Yn

. 1rd
By Simpson’s 3 Rule.

b
h
f f(x)dx = 5[(3/0 +y) t 41t y3+ o+ Yn1) T 22+ Yt o+ Ya2)]
a
1

x? 0.25
f dx = —[(0 + 0.5) + 4(0.0615 + 0.3956) + 2(0.2222)]
1+ x3 3

0
1
f 2 gx—0.2311
J1ra T
0
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7. Compute the value of fol":(sinx — logx + e*) dx using Simpsons one third rule into 6 equal sub

intervals.

Sol: Consider,
1.4

I = f (sinx — logx + e*) dx
0.2

Here,'
b-a 1.4-02

a=0.2,b:1.4,n=6,h=7= —-|h=0.2
Set calculator to radian & use log as In
X 0.2 0.4 0.6 0.8 1 1.2 1.4
y=fx)
= sinx
—logx 3.0295 2.7975 2.8976 3.1660 3.5597 4.0698 4.4042
+e*
Yo Y1 Y2 Y3 Ya Vs Yn

. 1T'd
By Simpson’s 3 Rule.

jbf(x)dx—ﬁ
" -3

1.4

j (sinx — logx + e*) dx
0.2

(Yo +Yn) +4y1+y3+ -+ Yn1) +2(¥2 + Y4+ + ¥n_2)]

0.2
= - [(3.0295 +4.4042) + 4(2.7975 + 3.1660 + 4.0698) + 2(2.8976 + 3.5597)]

1.4

f (sinx — logx + e*) dx = 4.0321
0.2

» Homework:
. . 1 — . .
10. Use Simpson’s one third rule to evaluate fo x3 dx considering five sub-intervals.

11. Evaluate flz % by using Simpson’s one third rule h = 0. 25.

1 . . . . .
12. Evaluate fo e* dx by using Simpson’s one third rule with subintervalsn = 10.

13. Using Simpson’s one third rule evaluate f06 f(x) dx from the following data. Take n = 6.

X 0 1 2 3 4 5 6

0.3333 | 0.25 | 0.2 | 0.6666 | 0.1428

f(x) 1 0.5

14. Use Simpson’s one third rule to evaluate foz(l +x3)dxwithh = %

15. Evaluate f:(l + x%) dx by using Simpson’s one third rule takingh = 1.

1
1+x2

16. Evaluate f06
17. Evaluate foz e* dx by using Simpson’s one third rule with subintervalsn = 10.

. . 11 e .
18. Use Simpson’s one third rule to evaluate fo o dx considering five sub-intervals.

MR. SUDHIR S DESAI 8087348936
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Topic Content:

4.1 Introduction to numerical differentiation and integration

4.2 Derivative using forward and backward interpolation

4.3 Numerical integration using Trapezoidal rule
4.4 Numerical integration using Simpson’s 1/3 rd rule
4.5 Numerical integration using Simpson’s three eight rule

Course Outcome: After completion of this course, students will be able to

CO4:

th
L4 Simpsons% Rule: 4M/6M Que. 5

b
f f(x)dx = ?[(}’0 +¥) +3(1+ Y2+ Yatyst ot Y1) 203+ Vet o+ Y3l
a

3h

b—-a R
Where h = ——,n=no. of subintervals

K/

% Examples:

> . . b (37 A\t . .
8. Evaluate fo cosx dx using Simpson’s ( /8) rule withn = 8.
Sol: Consider,

MR SUDHIR S DESAI
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Vs
2
I = f cosx dx
0
Here,
_ Z o
a:(),bzf’n:g’h:b_azz__, h==
2 n 8 16
Set calculator to radian.
T 21 3n 41 5w o6m 7 s
X 0 — - = - - g - _
16 16 16 16 16 16 16 2
{ jo);(;) 1 0.9808 0.9239 0.8315 0.7071 0.5556 | 0.3827 0.1951 0
Yo Y1 Y2 Y3 Ya Vs Yo Y7 Yn

_ 3th
By Simpson’s 3 Rule.

3h

b
f f(x)dx = ?[(}’0 +y) +31+ Y2t yatyst+ ot Yn1) +2(y3+ Y6+t Yao3)l
a

% T

. _3%16

| cosx dx=—FLO[(1+0) +3(0.9808 + 0.9239 + 0.7071 + 05556 + 0.1951) + 2(0.8315 + 0.3827)]
0

r
2

0

f cosx dx =

3n
128

™
2

f cosx dx = 0.9952
0

MR. SUDHIR S DESAI

8087348936

[(1) + 3(3.3625) + 2(1.2142)]

MATHEMATICS FOR MACHINE LEARNING




Page 8 of 15
9. Evaluate folﬁdx by using Simpson’s % th rule dividing the interval [0, 1] in six equal parts. Find the

approximate value of m.
Sol: Consider,

= [
_01+x2x

Here,
a=0b=1n=6h=""="2-[h=0.1667]
X 0 0.1667 0.3334 0.5001 0.6668 0.8335 1
y=fx)
B 1 1 0.9730 0.9 0.7999 0.6922 0.5901 0.5
1+ x?2
Yo Y1 Y2 Y3 YVa Ys Yn

th
Rule.

b 3h
j f(x)dx = 3[(3'0 +Y) +31+ Y2+ Yatys+ ot Yu1) + 203+ Y6 + 0+ Yao3)]
a

19 3(0.1667)
o f > dx e ———
o 1+x

1 1
dx = 0.7855
j;) 1+ x2 * 8

We know that, [ 1+1X2 dx =tan 1x+C

~ [tan™! x]§ = 0.7855
~tan"'1—tan"10 = 0.7855

By Simpson's%

[(1+ 0.5) + 3(0.973 + 0.9 + 0.6922 + 0.5901) + 2(0.7999)]

L _0=07855
..Z— = .

L = 07855
2=0.

@ =4x 07855
[ m = 3.1420|

- , 3th . (06 _,2 . .
10. Using Simpson’s 3 rule to find fo e™™ dx by taking seven ordinates.
Sol: Consider,

06
I=j e * dx
0

Here,
a=0b=06n=6h=""=2225[h=01]
X 0 0.1 0.2 0.3 0.4 0.5 0.6
ij_{ch) 1 0.99 0.9608 0.9139 0.8521 0.7788 0.6977
Yo Y1 Y2 Y3 Ya Vs Yn

: 3th
By Simpson’s 3 Rule.

b 3h
f f(x)dx = ?[(3’0 +Y) +31+ Y2+t Yatys+ ot Yn1) +2(y3+ Y6+t Yau3)]
a

06 3(0.1
f e™* dx = % [(1+0.6977) + 3(0.99 + 0.9608 + 0.8521 + 0.7788) + 2(0.9139)]
0

06
f e * dx =0.5351
0
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20.

21.

22.

23.

24,

25.

26.

27.

28.
29.
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Homework:

Use Simpson’s 3/8 th rule to evaluate f01 x® dx considering five sub-intervals.
Evaluate flz % by using Simpson’s 3/8 thrule h = 0.25.
Evaluate fol e* dx by using Simpson’s 3/8 th rule with subintervalsn = 10.

Using Simpson’s 3/8 th rule evaluate f06f(x) dx from the following data. Take n = 6.

X 0 1 2 3 4 5 6

f(x) 1 0.5 | 0.3333 | 0.25 | 0.2 | 0.6666 | 0.1428

Use Simpson’s 3/8 th rule to evaluate foz(l +x3)dxwithh = %

Evaluate f:(l + xz) dx by using Simpson’s 3/8 th rule taking h = 1.

Evaluate ffﬁ dx by dividing the interval in six subintervals by Simpson’s 3/8 th rule.
Evaluate foz e* dx by using Simpson’s 3/8 th rule with subintervalsn = 10.

. 11 N W .
Use Simpson’s 3/8 th rule to evaluate fo T dx considering five sub-intervals.

4 th
Evaluate [2+/cosx dx using Simpson’s (3/g)" rule withn = 8.

th
Evaluate [, sinx dx using Simpson’s (3/g) " rule withn = 6.
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Topic Content:

4.1 Introduction to numerical differentiation and integration

4.2 Derivative using forward and backward interpolation MR SUDHIR S DESAI
4.3 Numerical integration using Trapezoidal rule
4.4 Numerical integration using Simpson’s one third rule

4.5 Numerical integration using Simpson’s three eight rule

Course Outcome: After completion of this course, students will be able to

X/

X/

CO4:

Introduction to Numerical Differentiation

Numerical differentiation is the process of approximating the derivative of a function using discrete
data points. Unlike analytical differentiation, which provides an exact formula for the derivative, numerical
differentiation allows us to estimate the derivative when the function is unknown or too complicated for an
exact solution.

First & second derivative using forward interpolation.

Forx = xg

[d 1[A SN2y, + = Ayy == Ay, + ]
dxxxo Yo ) Yo 3 Yo 4 Yo

) 3 1 ., 5 ¢ 137
[dxz] hZ[A Yo —A }’0+_A YO——A %"'EA Yo - ]
x=x,
Example
Flnd at x = 1.5 for the following table.
X 1.5 2.0 2.5 3.0 3.5 4.0
y 3.375 7.0 13.625 24 38.875 59

Solution: Here x = 1.5 is near to initial value so we use forward interpolation formula.

X y Ayo A%y, My Ay Ayq
15 3.375 3.625 3 0.75 0 0
2.0 7.0 6.625 3.75 0.75 0
25 13.625 10.375 4.5 0.75
3.0 24 14.875 5.25
35 38.875 20.125
4.0 59

Using Formula.
h=2.0-1.5=0.5

dy 1 1 1 1 1
— =—|A ——AZ —A3 ——A‘* —AS —]
[dx]x e h[ Yo Yo+ Yo Yo+ 587 Yo

dy 1
25 —=Xx X ——X X
[dx“S 05[365 3+3 075~ 0+ 0]

[dy
h [dx

] =4.75
x=1.5
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., dy o d%y . . . .
2. Find . & ez at x = 0 using suitable interpolation table.
X 0 1 2 3 L} 5
y 4 8 15 7 6 2
Sol: Here x = 0 is near to initial value so we use forward interpolation formula.
X y Ay, A%y, A3y, Atyq A%yq
0 4 4 3 -18 40 -70
1 8 7 -15 22 -30
2 15 -8 7 -10
3 7 -1 -3
4 6 -4
5 2
Using Formula.
h=1-0=1
dy 1 1 1 1 1
= =—|Ayo — =A%y + = A3y — — Aty + = AS —]
[dx]x s h[ Yo 2 Yo 3 Yo ) Yo 5 Yo
[dy] [4 1><3+1>< 18 1><40+1>< 70]
dxl,—o 2 3 4 5
d
[_y] = -26.5
dx x=0
d*y 17, , 11, 5 137
W =ﬁ[A Yo~ A%yo+ 54 YO——A }’o+ﬁA Yo - ]
x X0
[3 (—18) + 1 40 > -70
— — >< — =X
dx2 B 6
x=0
d?y
O =116
x=0
3. Fi d dy & —> at x = 1.1 using suitable interpolation table.
X 1.0 11 1.2 1.3 14 1.5 1.6
y 7.989 8.403 8.781 9.129 9.451 9.750 10.031
Sol: Here x = 1.1 is near to initial value so we use forward interpolation formula.
X y Ao A2y, Ay, Ay, A3y, Ay
1.0 7.989 0.414 -0.036 0.006 -0.002 0.001 0.002
11 8.403 0.378 -0.030 0.004 -0.001 0.003
1.2 8.781 0.348 -0.026 0.003 0.002
13 9.129 0.322 -0.023 0.005
14 9.451 0.299 -0.018
1.5 9.750 0.281
1.6 10.031

Using Formula.

h=11-1.0=0.1

dy 1 1 1 1 1 1

— =—|A ——AZ —A3 —— A4 —AS ——A6 ]

[dx]x . h[ Yo Yo + Yo =78 Yo + 5 Yo Yo
[d [0378 X 0030+1><0004 1>< 0001+1x0003]
d.x x=1.1 01 3 4 5

MR. SUDHIR S DESAI
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d
[_y] —3.9518
dxly_11
d?y
dx?
X=Xq
[dx2 (O 1)2
=-3.7417
=N
Home Work.

1 11 5
= P[AZ)’O Myg + —A4)’0 -

1. Find % at x = 0 for the following table.

137

A6
ASyo + 180 Yo -

]

11 5
[0030 0004+Ex 0001—gx0003]
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X 0.0 0.1 0.2 0.3 0.4

Y 1.0000 0.9975 0.9990 0.9776 0.8604
2. Find % at x = 0.1 for the following table.

X 0.0 0.1 0.2 0.3 0.4

Y 1.0000 0.9975 0.9990 0.9776 0.8604
3. Following data gives corresponding values of pressure & volume of super-heated system.

Vv 2 4 6 8 10

P 105 42.5 25.3 16.3 13

Find the rate of change of pressure w. r. to volume when V = 2.
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Topic Content:
4.1 Introduction to numerical differentiation and integration
4.2 Derivative using forward and backward interpolation
4.3 Numerical integration using Trapezoidal rule
4.4 Numerical integration using Simpson’s one third rule
4.5 Numerical integration using Simpson’s three eight rule

Course Outcome: After completion of this course, students will be able to
CO4:

X/

% Introduction to Numerical Differentiation

MR SUDHIR S DESAI
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Numerical differentiation is the process of approximating the derivative of a function using discrete
data points. Unlike analytical differentiation, which provides an exact formula for the derivative, numerical
differentiation allows us to estimate the derivative when the function is unknown or too complicated for an

exact solution.

X/

% First & second derivative using backward interpolation.

Forx = x,
[d 1[V +1v2 +1V3 +1v4 + ]
dxxx h n In n Yn

17, , 11, 5 137 _,
de ﬁ[vj/'n'i'vyn‘l'_A Yn+6VYn+1_80Vyn ]
Example:

4. Find % at x = 4 for the following table.

X 1.5 2.0 2.5 3.0 3.5 4.0
y 3.375 7.0 13.625 24 38.875 59
Solution: Here x = 4 is near to final value so we use forward interpolation formula.
X y V¥n V2yn Yy VY Vyn
1.5 3.375
2.0 7.0 3.625
2.5 13.625 6.625 3
3.0 24 10.375 3.75 0.75
35 38.875 14.875 4.5 0.75 0
4.0 59 20.125 5.25 0.75 0 0

Using Formula.
h=2.0-1.5=0.5

dyj 1 1, 1, 1_,
[a]xx _E[Vyn+_v yn+_v yn+_v yn+ ]

dy 1 1 1
20.12 2

[dxx40 05[0 5+2><5 5+3x075+4x0+5x0]

dy

"[ﬁ]m 46
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5. Fmd dy & — at x = 5 using suitable interpolation table.

X 0 1 2 3 4 5
y 4 8 15 7 6 2

Sol: Here x = 4 is near to final value so we use forward interpolation formula.

X y V¥n V2yy ¥y Vyn V> ¥y
0 4
1 8 4
2 15 7 3
3 7 -8 -15 -18
4 6 -1 7 22 40
5 2 -4 -3 -10 -30 -70
Using Formula.
h=1-0=1
[ 1 1 1 1 1
%]x . =H[Vyn+EV2yn+§V3yn+ZV4yn+§V5yn...]
dy 1 1 1 1 1
[dxxs II:—4+EX—3+§X—10+ZX—30+§X—70]
[Q] = —-30.3333
dxly=s
d? 1 11 5
[d_xJZ, hz [szn + ngn + _A4yn +—- Vsyn ]

1[ 3+ ( 10)+11>< 30 + 2% 70]
dxzxs 12 12 6

[de] = —98.8333

6. Fin d dy & — at x = 1. 6 using suitable interpolation table.

X 1.0 1.1 1.2 13 14 15 1.6
y 7.989 8.403 8.781 9.129 9.451 9.750 10.031

Sol: Here x = 1.6 is near to final value so we use forward interpolation formula.

X y V¥n vy, Vyn VY VoY VYn
1.0 7.989
1.1 8.403 0.414
1.2 8.781 0.378 -0.036
1.3 9.129 0.348 -0.030 0.006
14 9.451 0.322 -0.026 0.004 -0.002
1.5 9.750 0.299 -0.023 0.003 -0.001 0.001
1.6 10.031 0.281 -0.018 0.005 0.002 0.003 0.002

Using Formula.
h=11-1.0=0.1

d 1 1 1 1 1
[_y] :_[Vyn+_V2yn+_vgyn+_v4yn+_
X=X

Viy, + 1V6y
dx h 4 5 n e

d 1 1 1 1 1
—10.281 + =% —0.018 + = x 0.005 + — x 0.002 + = x 0.003 + = x 0.002
d
[_y] —2.7510
dxly-16
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&’y _1 [ +v3 +11A4 +5V5 —|—137V6 ]
dxzxx _h yn yn yn yn 180 yTl
[ 0018+0005+11><0002+5><0003+137><0002]
dx2 11 (O 1)2 12 6 180
L= =-0.7144
2
dx x=1.1
Home Work.
Find % at x = 0.4 for the following table.
X 0.0 0.1 0.2 0.3 04
Y 1.0000 0.9975 0.9990 0.9776 0.8604
Find % at x = 0. 3 for the following table.
X 0.0 0.1 0.2 0.3 0.4
Y 1.0000 0.9975 0.9990 0.9776 0.8604
Following data gives corresponding values of pressure & volume of super-heated system.
Vv 2 4 6 8 10
P 105 42.5 25.3 16.3 13

Find the rate of change of pressure w. r. to volume when V = 10.
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